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ABSTRACT: A nanopore’s response to an electrical potential drop is
characterized by its electrical conductance, G. For the last two decades, it
has been thought that at low electrolyte concentrations, c0, the conductance is
concentration-independent such that G c0

0. It has been recently demon-
strated that surface charge regulation changes the dependency to G c0 ,
whereby the slope typically takes the values α = 1/3 or 1/2. However,
experiments have observed slopes of 2/3 and 1 suggesting that additional
mechanisms, such as convection and slip-lengths, appear. Here, we elucidate
the interplay between three mechanisms: surface charge regulation, convection,
and slip lengths. We show that the inclusion of convection does not change the
slope, and when the effects of hydrodynamic slip are included, the slope is
doubled. We show that when all effects are accounted for, α can take any value
between 0 and 1 where the exact value of the slope depends on the material
properties. This result is of utmost importance in designing any electro-kinetically driven nanofluidic system characterized by its
conductance.

■ INTRODUCTION
The discovery of new materials and the development of more
advanced fabrication methods result in system sizes that are ever
decreasing.1 With this comes the potential to enhance our
understanding of nanoscale physics and, in parallel, revolu-
tionize current technological setups. Of particular interest is the
transport of ions across these nanoscale systems that are found
in desalination2−7 and energy-harvesting8−21 systems, as well as
biosensing,22,23 fluid-based electrical diodes,24−31 and various
physiological phenomena.32−35 However, numerous challenges
related to scalability, fabrication technology, and the elucidation
of the unknown fundamental physics at these small
scales7−9,18,36−38 remain to be overcome.
The interplay of mechanisms, unique to nanoscale systems,

that determine the system’s overall response, is currently not
understood. Specifically, this work demonstrates how the
interplay of surface charge regulation, bulk convection, and
slip-length-induced convection varies the nanopore conduc-
tance. Notably, we will show that a combination of all three
effects increases the slope of the conductance beyond the
maximal predicted by surface charge regulation alone (this value
will later be shown to be 1/2). We will demonstrate that once all
three phenomena are accounted for, the slope can take any value
between 0 and 1. Notably, the model suggested in this work is
free of any fitting parameters such that the response is
determined solely by various system parameters.
Ohmic Conductance. The electrical conductance,G, is the

ratio of the electrical current, I , to the electrical potential drop,V

(i.e. =G I V/ ). Stein et al.39 demonstrated that the Ohmic
conductance of nanochannels and nanopores (Figure 1a)
behaved in a peculiar manner. At high bulk electrolyte
concentrations, c0, when the electric double layers (EDLs,
defined below) do not overlap, the conductance is linear with
the bulk concentration (G chigh 0). At low bulk electrolyte
concentrations, when the EDLs overlap, the conductance is
given by a constant value that depends on the surface charge
density, s, and is (explicitly-) concentration-independent
G c( )low 0

0
s . The red line with squares in Figure 2 given

by the well-known equation40,41
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depicts this behavior schematically (a detailed derivation of eq 1
can be found in ref 42). Here, = z F Dc R T/( )cond

2 2
0 g is the

conductivity, Rg is the universal gas constant, T is the
temperature, F is Faraday’s constant, D is the diffusion
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coefficient, and z is the valence. The pore radius and pore length
are given by a and L, respectively (Figure 1a). The average
excess counterion concentration due to the surface charge
density is given by =N aFz(2 )/( )s . Equation 1 holds for a
symmetric electrolyte where the counterion and co-ions have
equal diffusion coefficients =±D D( ) and opposite valences (z±

= ±z), and a large aspect ratio channel, L a/ 1, where all

profiles are fully-developed along. Also, the effects of convection
are assumed negligible. In this work, similar to eq 1, we will
consider a large aspect ratio channel (L a/ 1). In contrast to
eq 1, we will also account for hydrodynamic effects (i.e.,
advective fluxes). Finally, note that in this work, dimensional
quantities are denoted with tildes, while non-dimensional
quantities are without tildes.
At high concentrations, N c0, the conductance is linear

with the concentration, G cOhmic,high cond 0 (Figure 2),
while at low concentrations, N c0, the conductance

= | |G
a

L
zFD
R T

2
Ohmic,low

g
s

(2)

is explicitly concentration-independent such that α = 0 (Figure
2). However, it has been recently suggested that the surface
charge is concentration dependent due to a surface charge
regulating mechanism,43−46 which couples the surface charge
density and the bulk electrolyte such that cs, 0 . Here
α is the exponent of the power-law that determines the
conductance’s slope. Surface charge regulation predicts three
distinct expressions for the surface-charge density: (1)

= Fn N/s,0 a; (2) = R Tzc(2 / )s,1/3 0 r g 0
1/3;43 and (3)

= ( )aFc z /s,1/2
1
2 0

1/2
;47 where 0 and εr are the permittiv-

ity of free space and the relative permittivity, Ña is Avogadro’s

Figure 1. (a) Schematic representation of a negatively charged long nanotube (L a) under an applied voltage, V . The negative surface charge
density, s, leads to an excess of positive counterions, represented by purple spheres, over the negative co-ions. It is assumed that the channel is highly
selective = a( / 1)D which corresponds to the case of few negative ions (represented by green spheres). (b) The surface charge density is
regulated by hydrogen ions, H+, (not drawn here). (c) A schematic profile of a no-slip velocity profile. (d) A schematic velocity profile with a slip length
b. Reprinted with permission from ref 42 Copyright (2022) (American Physical Society).

Figure 2. (a) Ohmic conductance versus concentration (eq 1) for the
three surface charge densities: s,0, s,1/3, s,1/2. Theory is denoted by
lines, and simulations are denoted by markers. Details on the
simulations and the values for the simulations are given in ref 42.
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constant, and γ and β are defined below eq 4. Insertion of these
three expressions into eq 1 leads to the three curves shown in
Figure 2 with the appropriate slopes of α = 0, 1/3 and 1/2. All
three scenarios show remarkable correspondence to direct 2D
numerical simulations.42

■ RESULTS
Surface Charge Regulation. Smeets et al.48 demonstrated

that under certain experimental conditions, the electrical
conductance did not saturate to a zero slope. This non-zero
slope was attributed to the surface charge density’s dependency
on the concentration. In recent years, this mechanism has started
to receive increased interest. Biesheuvel and Bazant,44 and later
others,43,45,46,49 suggested that the regulation (Figure 1b) is
through the Langmuir isotherm

= +Fn
N

1 10 exps
a

pK pH s

th

1Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ (3)

Here,n is themaximal number of ionizable sites per unit area, pK
is the disassociation constant, pH∞ is the pH in the
bulk concentration, and = R T Fz/th g is the thermal
potential. Notably, the surface charge density is related to the
electric potential at the surface s. At low concentrations,
the surface potential is = [ ]ln ( 4)s th

2
s s ,42 where

= = [ ]a R T F z c a/ ( )/(2 )D 0 r g
2 2

0
2 1/2 is the normalized

Debye length [or electric double layer (EDL)], and the surface
charge density has been normalized by a characteristic value

= a/d 0 r th (such that = /s s d). Reference 42 provides a
detailed derivation for s as well as the radial-dependent
distributions for the electric potential, the concentrations, and
the velocity fields in the limiting case that ε ≫ 1. This derivation
is distinctly different from that of the Debye−Hückel (DH)
approximation, which typically corresponds to both small
potentials and ε ≪ 1 (see Section III.C of ref 50 for discussion
on these two limits, ε ≫ 1 and ε ≪ 1).
Inserting s into eq 3 yields a third-order polynomial that

determines the non-dimensional surface charge density

+ + =4 ( ) ( ) 0s
3

s
2 2 1

s
2 1 (4)

Here, = 10pK pH and = Fn N/( )a d . The general solution
for eq 4 is not tractable, yet three solutions are immediate. When
βε2 ≪ 1, the surface charge is concentration-independent, σs,0 =
−γ. When βε2 ≫ 1, two concentration-dependent solutions are
r e c o v e r e d : 4 2 = [ ]/( )s,1/3

2 1/3 a n d

= [ ]/( )s,1/2
1
2

2 1/2. Upon dimensionalization, these
three terms recapitulate the three terms given below eq 2.
Because both s,1/3

43 and s,1/2
44 have already been compared

with experiments and shown to have excellent correspondence,
we do not conduct such a comparison. Instead, here we have
focused on showing that the three distinct models, given above,
are derived from the same equation.
The form of eq 4 suggests that depending on the parameters γ

and βε2, the surface charge varies continuously from one case to
the other. In fact, Uematsu et al.45 demonstrated, via numerical
simulations, that the slope transitions continuously between 0 to
1/2. Uematsu et al.45 numerically solved the 1D Poisson−
Nernst−Planck equations along with the Langmuir isotherm (eq
3). They investigated how the conductance and its slope varied

with the c n a(pK, pH , , , )0 phase space. In particular, in their
numerical simulations, a n, , pK were set, while pH∞ and c0 were
scanned. They numerically calculated the conductance for each
configuration in their c pH0 phase space using the relation

= d G d c(ln )/ (ln )0 . Because, they were undertaking numer-
ical simulations, they could consider both low and high
concentrations. Unexpectedly, they showed that the slope was
1 at high concentrations (as shown in Figure 2), while at low
concentrations, the slope α varied from 0 to 1/2. Figure 3 shows

our recapitulation of Uematsu et al.’s45 Figure 1 low-
concentration results. We use the Newton−Raphson method
to numerically evaluate eq 4 for s. We then insert s into the
expression for the conductance (eq 2) and calculate the slope α.
The benefits of our approach are twofold. On the technical side,
even though 1D finite element simulations are no longer
computationally costly, scanning a 5D (or 2D) phase space can
be quite burdensome. In contrast, our almost analytical
approach allows one to scan any phase space to any desired
resolution in an almost instantaneous manner. For example,
while Uematsu et al.’s Figure 1 is pixilated, our Figure 3 is
smooth. From the physical insight perspective, our approach can
also rationalize Uematsu et al.’s45 baffling observation that lines
of constant slopes (and constant colors) appeared to be given by
stripes. Equation 4 provides a remarkable and intuitive
explanation�for a given value of γ, these are lines of constant
βε2.42 Thus, Figure 3 demonstrates two key results: (1) the slope
varies continuously between 0 to 1/2 and (2) the slopes are lines
of constant βε2.
ConductancewithNo-Slip Convection.Equation 1 holds

for both high and low concentrations but no longer holds upon
the inclusion of convective effects. This work focuses on the low-
concentration−response, which exhibits slope variability, we
emphasize that the expressions below hold only for low
concentrations.
At low concentrations, the sum of the Ohmic and the no-slip

advective conductance terms is (Figure 1c) is42

= +G G Gtotal,no slip Ohmic,low adv,no slip (5)

where

Figure 3. Color map of the slope α, in the c pH0 plane of the Ohmic
conductance,GOhmic,low (eq 2). White diagonal lines denote the lines of
constant slope of α = 1/3 and α = 0.483. Here, we have used the values
of Figure 1 from ref 45: = [ ]a 35 nm , pK = 5, and = [ ]n 0.2 nm 2 as
well as their suggested cutoffs (thick red lines). Reprinted with
permission from ref 42 Copyright (2022) (American Physical Society).
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Here, =Pe D/( )0 r th
2 is the Pećlet number and is the

fluid’s viscosity. For example, for a KCl water-based electrolyte
at room temperature, one finds that the Pećlet number is
approximately 0.45. Note that cond

2 is independent of the
concentration such that Gadv,no slip, too, is also explicitly
independent of the concentration. For large surface-charges,

s d, typical of highly selective nanochannels, the logarithmic
term in eq 6 is negligible, relative to the first term, such that42

= +G a
L

4 (1 2Pe)total,no slip cond
2 s

d

2

(7)

Observe that while the advective term results in a non-negligible
increase of the conductance,51 the slope Gtotal,no slip s does
not change relative to the Ohmic conductance (eq 2). Figure 4

compares eq 5 to numerical simulations42 for the three cases of
s,0, s,1/3, and s,1/2. The excellent correspondence confirms the
prediction that no-slip convection does not change the slope.
Conductance with Slip Convection. The additional

contribution of the slip length,52−55b, (Figure 1d) to the
conductance is42

=G
b
a

a
L

4 Peadv,slip cond
2 s

d

2 2i
k
jjjjj

y
{
zzzzz (8)

We add eqs 8 to 5 to get an expression for the total conductance

= + +G G G Gtotal,slip Ohmic,low adv,no slip adv,slip (9)

Observe thatGadv,slip increases the conductance and thatGadv,slip

s c a l e s q u a d r a t i c a l l y w i t h t h e s u r f a c e c h a r g e
G c( )adv,slip s

2
0
2 . Thus, if Gtotal,no slip has a slope α ∈

[0,1/2] thenGtotal,slip, when dominated byGadv,slip, has a slope 2α
∈ [0,1].
Figure 4 compares the theoretical predictions of eq 9 to

numerical simulations42 that account for a slope length of

=b a10 . Figure 4 shows that when: (1) cs,0 0
0, the slope

always remains α = 0; (2) when cs,1/3 0
1/3, the slope

transitions from α = 1/3 to α = 2/3; and (3) when cs,1/2 0
1/2,

the slope transitions from α = 1/2 to α = 1. The excellent
correspondence between simulations and theory verifies the
conductance’s dependency on s and b. Similar to GOhmic,low ,
which varies continuously from 0 to 1/2 (Figure 3), it can be
shown that Gtotal,slip also exhibits a continuous transition from 0
to 1 that depends on the various parameters of the system (not
shown here, see ref 42). We note here that in a recent theoretical
endeavor, Manghi et al.49 derived a very similar (almost
identical) expression to eq 9 (which follows from eqs 6−8).
However, they have introduced several empirical terms that lack
mathematical rigor and physical justification into their
derivation. These issues are discussed thoroughly in ref 42. If
one removes most of these empirical terms, then our eq 9, would
be almost identical to eq 19 of Manghi et al.49 However, their
analysis includes several errors.42 Thus, the novelty of this work
also lies within the analysis�here, we have predicted the
doubling of the slope from α to 2α for the most general scenario.
The finding that the slope doubles is of utmost experimental

importance. In a recent experimental work,56 using nanotube
porins, a 2/3 slope was measured, suggesting that the effects of
convection and slip are significant. Reference 56 rationalized
their results using the theoretical predictions of ref 49, who
predicted a slope of α = 2/3. However, ref 49 model holds only
for the specific case cs,1/3 0

1/3 (G ctotal,slip 0
2/3) whereby the

universal solution,G ctotal,slip 0
2 [eq 9], holds for all α ∈ [0,1/

2] (see ref 42 for a detailed discussion between this model and
that of ref 49). The doubling of the slope from 1/2 to 1 could
explain ref 3 finding that decreasing the pH from 7.5 to 3
increased the slope. This is consistent with Figure 3. Hence, the
main finding of this work has been to show the doubling of the
slope from α (for convection without slip, Figure 3) to 2α (for
convection with slip, not shown here, see ref 42) is more robust
than what was previously assumed.

■ DISCUSSION
In recent years, the characterization of the electrical con-
ductance of nanochannels has received increased interest. This is
attributed to two experimental considerations. First, while it is
slightly time-consuming, it is relatively easy to measure the
conductance at various concentrations and supposedly easy to
interpret these results. Second, the change in the slope is an
excellent indicator of when the channel achieves the high
selectivity required for desalination and energy harvesting. Thus,
the conductance provides the experimentalist with the required
knowledge of the appropriate experimental conditions to
consider. However, because of the numerous effects, inter-
pretation of the results can be confusing. In this work, we have
elucidated how the combined interplay of numerous phenom-
ena (surface charge regulation, convection, and slip lengths) can
radically change the simplest response of the nanochannel�the
slope of electrical conductance as a function of the bulk
concentration.
The model presented in this work is the exact solution of the

fully coupled Poisson−Nernst−Planck−Stokes equation.42,57 A
minimal number of assumptions have been embedded in the
model [including the assumption of a large aspect ratio L a( )
]. Direct numerical simulations of the fully coupled equations

Figure 4. Conductance−concentrations curves for Gtotal,no slip (eq 5)

andGtotal,slip (eq 9, with a slip length is =b a10 ). Theory is denoted by
lines, and simulations are denoted by markers. The values for the
simulations are given in ref 42.
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show a remarkable correspondence and confirm the findings
presented here and in an expanded work (ref 42). Namely, we
have demonstrated that with surface charge regulation, the slope
is not restricted to the typical three discrete values of 0, 1/3, and
1/2 but rather the slope can take any value between 0 and 1/2.
The inclusion of convection alone does not change the slope, but
it does enhance the conductance by a factor of twice the Pećlet
number (which is a value that characterizes the electrolyte). The
inclusion of a slip length increases the conductance and, more
importantly, doubles the slope to be twice the value dictated by
surface charge regulation.
The final expression Gtotal,slip provides the interested

experimentalist a vastly enhanced framework for interpreting
experimental results, and a means to fit a more accurate curve
with “virtually” zero fitting parameters. If the maximal number of
ionizable sites per unit area, n, and the slip length, b, are known,
this model is entirely devoid of fitting parameters. If they are not
known, they are easily fitted.42 In particular, in our numerical
simulations, these values are proscribed a priori, and thus from
the numerical perspective, we do not have any fitting parameters.
This work serves as a stepping stone tomany future works that

should focus on non-trivial open questions. How does the
system response change if one accounts for multiple species
(that are not necessarily symmetric)? How does the response
change when the assumption of a large aspect ratio (L a) is
alleviated? This last question is highly pertinent to novel 2D
materials whereby L a or even L a. In such a scenario, the
assumption of fully-developed flows needs to be re-evaluated as
well as the assumption that the slip length can vary with the ratio
a L/ .52−55 We note that for the case of high concentrations (no
EDL overlap), Yariv and Sherwood58 showed that the system
can be considered to be fully developed for L a. However, this
has yet to be shown for low-concentration (and highly selective)
systems and should also be examined. This issue of fully
developed profiles can also be linked to how the response of the
system changes when the adjacent reservoirs are accounted. It is
known that under certain conditions, the effects of access
resistance and microchannel resistances are no longer non-
negligible.33,59,60 Two limitations of access resistance should be
mentioned. First, if the profiles are not fully developed, how
access resistance effects are manifested requires reexamination.
Second, the classical access resistance is derived assuming that
the pore is circular and highly isolated. However, in many
circumstances, the pores are rectangular or part of arrays with a
spacing of the order magnitude of the diameter. We have derived
the generalization of access resistances, which we term field
focusing resistances, that account for the shape of the pore and
its distance to its neighbors.16,59−61 On a different note, it has
been suggested that nanopores exhibit a breakdown of
electroneutrality50,62�this too is a highly debated topic that
requires additional consideration. An expanded discussion of all
these open questions is provided in ref 42. Finally, there is an
increased interest in understanding the coupling of pressure and
electric field driven flows on the electrical currents as well as the
mass flow rates in systems comprised novel materials. Such
systems can, once more, be divided into systems with large
aspect ratios L a( )63−65 and small aspect ratios (L a).6,66

The approach utilized here and in other works,42,46,47 which
focuses on large aspect ratio systems, is the first step in
understanding the coupling in small aspect ratio systems. Future

works should try to extend our L a understandings to L a
systems.
Finally, we note the findings of this work are also immensely

important to the ion-channel community. The recent book of
Zheng and Trudeau67 (and references therein) demonstrates
that this community, due to the inherent complexity of such
systems, is primarily dependent on complicated experiments and
highly involved MD numerical simulations with little or no
analytical models to lead the way. Whether or not this
continuum-based model would hold for nanometric channels
is questionable; however, it is very likely that this model can
provide first-principle concepts that can be further considered.
In conclusion, here, we have delineated the interplay of

surface charge regulation, convection, and slip lengths on the
slope of the conductance. The results of this work are of
immense importance when designing electro-kinetically based
nanofluidics systems. Our model provides crucial insights for
data interpretation. They also provide a means to reduce the
number of time-consuming experiments and numerical
simulations needed for the preliminary characterization of
such systems.
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