PHYSICAL REVIEW FLUIDS 7, 013702 (2022)

Effects of surface-charge regulation, convection, and slip lengths
on the electrical conductance of charged nanopores
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The electric conductance characterizes the response of a nanochannel or nanopore
to an electrical potential drop. It has long been known that at low concentrations the
electric conductance is independent of the bulk electrolyte concentration but depends
on the surface-charge density. In recent years, several works have demonstrated that the
low-concentration conductance is concentration dependent. This dependence is implicit
through the mechanism known as surface-charge regulation which causes the surfacecharge density to depend on the concentration, c̃0 . As a result, the conductance, G̃, has
power-law dependency such that G̃ ∼ c̃0α with a slope of α. It is typically assumed the
slope takes on the particular values α = 0, 13 , 21 . Here, we will analytically show that
slope varies continuously from 0 to 21 as the system parameters vary. Thereafter, we will
account for convection and the effects of a slip length at the channel surface. We will
show that convection without slip increases the conductance but does not vary the slope
α. The inclusion of slip not only increases the conductance but also increases the slope
to 2α. Direct numerical simulations confirm our theoretical predictions. The consequences
of these findings are important in the design of any electrokinetically driven nanofluidic
system insofar as they provide the experimentalist an accurate prediction of the system
response as a function of the material properties.
DOI: 10.1103/PhysRevFluids.7.013702

I. INTRODUCTION

The discovery of new materials and the development of more advanced fabrication methods
result in system sizes that are ever decreasing [1]. With this comes the potential to enhance our
understanding of nanoscale physics and, in parallel, revolutionize current technological setups. Of
particular interest is the transport of ions across these nanoscale systems. Nanochannels, nanotubes,
nanopores, and nanoporous materials are ubiquitous to nature and technology. They are found in
desalination [2–7] and energy harvesting [8–21] systems, as well as biosensing [22–29], fluid-based
electrical diodes [30–41], and various physiological phenomena [42–45]. However, as pointed out
in recent reviews [7–9,46–48], numerous challenges related to scalability, fabrication technology,
and elucidation of the unknown fundamental physics at these small scales remain. Specifically, it is
known that a plethora of mechanisms, unique to nanoscale systems, determine the system’s overall
response. Many of these mechanisms have already been investigated separately. However, the
interplay of these mechanisms is not fully understood. This paper will address how the interplay of
surface-charge regulation, bulk convection, and hydrodynamic slip length varies nanopore systems’
conductance.
˜ to the electrical potential
The electrical conductance, G̃, is the ratio of the electrical current, I,
˜
drop, Ṽ (i.e., G̃ = I/Ṽ ). In contrast to classical metallic conductors (i.e., the Drude model), the
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FIG. 1. Schematic behavior of the linear Ohmic conductance, G, of a long nanopore vs the bulk concentration, c0 . The slopes are denoted by the numbers above the thin dashed black lines. The variation of the slope α
at low concentrations is discussed throughout this paper.

response of which is typically linear with the number density (i.e., the concentration of electrons)
[49], electrolyte-based conductors display more complicated behavior. This can be associated with
fluid-structure interactions, namely, the charging of the electric double layer (EDL), surface-charge
regulation, convection, slip lengths, and more.
Stein et al.’s [50] pioneering work showed that the Ohmic conductance behaved peculiarly. At
high bulk concentrations, c̃0 , when the EDLs

ε̃0 εr R̃gT̃
λ̃D =
,
(1)
2F̃ 2 z2 c̃0
do not overlap (i.e., the EDL is much smaller than the pore radius, ã, such that λ̃D  ã), the
conductance increases linearly with the bulk concentration (G̃high ∼ c̃0 ). Here R̃g is the universal
gas constant, T̃ is the temperature, F̃ is the Faraday constant, and ε̃0 and εr are the permittivity of
free space and the relative permittivity, respectively. At low concentrations, when the EDLs overlap
(λ̃D  ã) and the effects of the surface charge are prominent, the conductance saturates to a constant
value that is independent of the concentration but depends on the surface-charge density, σ̃s , such
that G̃low ∼ σ̃s . The thick dashed orange line in Fig. 1 depicts the behavior schematically and is
given by the well-known equation [51–53]

 2 2
Ñ π ã
G̃Ohmic = κ̃cond 4 +
,
(2)
c̃0
L̃
where κcond is the conductivity
κ̃cond = z2 F̃ 2 D̃c̃0 /(R̃gT̃ ),

(3)

ã is the pore radius, L̃ is the pore length, and D̃ is the diffusion coefficient. Here Ñ represents the
average excess counterion concentration due to the surface-charge density [derived later in Eq. (36)
and again in Appendix A]
Ñ = −

2σ̃s
,
ãF̃ z

(4)

and it is explicitly independent of the concentration. Equation (2) is typically derived under numerous assumptions: that convection is negligible, the electrolyte is symmetric (defined below),
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the aspect ratio is large (L̃/ã  1), the surface-charge density is independent of electrolyte concentrations, and the effects of access resistances or field focusing resistances due to the adjacent
microchannels and reservoirs are negligible. We will review and revisit these assumptions throughout this paper. In Appendix A, we derive this equation whereby the notation used in Appendix A is
provided throughout this paper. It is recommended to read this appendix after Sec. IV A.
We consider Eq. (2) at the two extreme cases of high and low concentrations. At high concentrations, Ñ  c̃0 , the conductance reduces to a term that is linear with the concentration,
G̃Ohmic,high ∼ κ̃cond ∼ c̃0 such that the slope is 1 (Fig. 1). In contrast, at low concentrations, Ñ  c̃0 ,
one finds that the conductance
G̃Ohmic,low =

π ã2
π ã2
κ̃cond
|Ñ|
∼ Ñ
,
c̃0
L̃
L̃

(5)

is explicitly concentration independent. However, recent works [54–58] have suggested that if
the surface charge is regulated, this leads to Ñ ∼ c̃0α . Here, α is the exponent of the power-law
dependency of the surface-charge regulation (Sec. III). As a result, Eq. (5) [and Eq. (2)] is implicitly
concentration dependent such that G̃Ohmic,low ∼ c̃0α and the slope is no longer zero, but rather it is α.
The dot-dashed blue line in Fig. 1 denotes Eq. (2) under the assumption of charge regulation.
This paper is structured as follows. In Sec. II, we introduce the model and governing equations,
after which we derive the solutions for fully developed profiles. We then calculate the transport
coefficients, which represent the various contributions to the conductance. Before we analyze
these coefficients, in Sec. III, we derive an expression for the surface-charge density under the
assumption of surface-charge regulation whereby we show that the surface-charge density varies
with the conditions of the environment (namely, the concentration and more). In Sec. IV, we
analyze the transport coefficients and their dependence on the various system parameters (including
space-charge regulation, slip lengths, and more). The discussion and conclusions are presented in
Sec. V. Throughout this paper, we compare our theoretical predictions with numerical simulations.
The correspondence is outstanding.
II. MODEL AND SOLUTION DERIVATION

This section is divided into six parts. First, in Sec. II A, we present the geometry of the system
and discuss the composition of the electrolyte. In Sec. II B, we present the governing equations
and the normalizations. In Sec. II C, we derive the solution for the concentration and electric
potential distributions, while in Sec. II D we derive the axial velocity distribution. Section II E
presents a comparison of the theoretical results of the two previous subsections to numerical
simulations. In Sec. II F, we calculate the transport coefficients, namely, the various contributions
to the conductance. These contributions are analyzed in Sec. IV.
A. Geometry and electrolyte components

In this paper, we model a cylinder of length L̃ and radius ã with a surface-charge density, σ̃s , as
shown in Fig. 2(a). Dimensional quantities are denoted with tildes, while nondimensional quantities
are without tildes. The various normalizations are discussed and provided below (Sec. II B). Shortly,
we will assume that the length is substantially longer than the radius, L̃/ã  1, such that all the
distributions are fully developed.
Figure 2 schematically depicts ions within a negatively charged pore. In the figure, we have
added only the two major charge carriers of the salt (for example, K+ and Cl− ). In reality, there are
at least two additional species—these are H+ and OH− . In the following, we explicitly assume that
the concentration, electric potential, and velocity profiles are determined by two of these species
alone—these are the main charge carriers—which we assume to be symmetric such as K+ and Cl− .
In a realistic electrolyte, there is always a presence of H+ and OH− . However, their concentration is
typically small enough that they are not dominant. In fact, due to coion exclusion, the concentration
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FIG. 2. (a) Schematic representation of a negatively charged long nanotube (L̃  ã). Due to the negative
surface-charge density, σ̃s , there is an excess of positive counterions, represented by purple spheres, over the
negative coions, represented by green spheres. This paper focuses on the case of a highly selective channel
(ε = λ̃D /ã  1) which corresponds to the case of few negative ions. (b) The surface-charge density is regulated
by H+ and OH− (discussed in the text). A schematic profile of (c) a no-slip velocity profile and (d) a velocity
profile with a slip length b̃. All three mechanisms [(b) surface-charge regulation, (c) bulk convection, and (d)
slip lengths] vary the conductance.

of OH− is substantially smaller than that of H+ , to the point that we will not mention OH−
further. In contrast, while H+ does not directly influence the system response, it indirectly regulates
the surface-charge density. The topic of surface-charge regulation is discussed in Sec. III. In the
following derivation, we do not directly model the effects of H+ and OH− .
B. Governing equations

The nondimensional steady-state equations that govern ion transport in a system with a symmetric electrolyte with equal diffusion coefficients (D̃± = D̃) and opposite valences (z± = ±z) are the
013702-4
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Poisson-Nernst-Planck-Stokes (PNPS) equations
−∇ · j± = ∇ · (∇c± ± c± ∇ϑ ) − Pe(u · ∇c± ) = 0,

(6)

2ε2 ∇ 2 ϑ = −(c+ − c− ),

(7)

∇ · u = 0,

(8)

∇ 2 u + ∇ 2 ϑ∇ϑ = 0.

(9)

Here we have assumed that the pressure gradient in the Stokes equation [Eq. (9)] is zero, and we
have used the following normalizations:
r̃ = ãr, ϑ̃ = ϑ̃th ϑ, c̃± = c± c̃0 , j̃± = j̃0 j± , ũ = ũ0 u.

(10)

The spatial coordinates are normalized by the radius, ã. The electric potential, ϑ, has been normalized by the thermal potential, ϑ̃th = R̃gT̃ /F̃ z, where R̃g is the universal gas constant, T̃ is
the temperature, and F̃ is the Faraday constant. The concentrations, c± , have been normalized
by the bulk concentrations c̃0 . These normalizations lead to the nondimensional Debye length or
nondimensional EDL:

1 ε̃0 εr R̃gT̃
λ̃D
=
,
(11)
ε=
ã
ã 2F̃ 2 z2 c̃0
where ε̃0 and εr are the permittivity of free space and the relative permittivity. The normalizations
of Eq. (10) also lead to natural scales for the fluxes, j± , and the velocity, u. These are, respectively,
j̃0 and ũ0 :

2
j̃0 = c̃0 D̃/ã, ũ0 = ε̃0 εr ϑ̃th
(μ̃ã),
(12)
where μ̃ is the fluid’s viscosity. Notably, the Peclet number, which is the nondimensional number
ratio of convective fluxes to diffusive fluxes, arises. Here, the Peclet number is defined as
Pe =

2
ε̃0 εr ϑ̃th
ũ0 ã
=
.
D̃
μ̃D̃

(13)

In Sec. II F, we will demonstrate the contributions of the convective fluxes to the conductance via
the dependence on Pe.
We assume that the channel has a large aspect ratio, L/a  1. As a result, derivatives of the fluxes
in the axial direction are negligible such that ∂x = 0. Further, we assume axisymmetric profiles
whereby derivatives in the azimuthal direction are zero, ∂θ = 0. As a result, the equations depend
solely on the radial coordinate, r. The large aspect ratio also allows the electric potential to be
separated into two terms:
ϑ (r, x) = ϕ(r) + V (1 − x/L).

(14)

The first term represents the electric potential of the fully developed profile. The second term
represents the linear Ohmic potential drop across a channel of length L due to a voltage drop of
V . In the remainder of this paper, we will also denote the thermal potential in Eq. (10) as ϑ̃th = ϕ̃th .
Also, it should become evident that the electric field in the axial direction is given by the constant
(the subscript of a comma denotes a derivative)
E = −ϑ,x = V/L.
013702-5
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C. Potential and concentration solutions

For fully developed and axisymmetric profiles, the Nernst-Plank [Eq. (6)] and Poisson equations
[Eq. (7)] are drastically simplified:
c±,r ± c± ϕ,r = 0,

(16)

2ε2 r −1 (rϕ,r ),r = −(c+ − c− ).

(17)

Note that Eq. (16) has assumed that there is no flux into the solid wall:
j± (r = 1) · r̂ = 0.

(18)

c± = e∓ϕ .

(19)

Integrating Eq. (16) leads to

Substituting Eq. (19) into Eq. (17) yields the Poisson Boltzmann (PB) equation [59]
2ε2 r −1 (rϕ,r ),r = −(e−ϕ − eϕ ).

(20)

To solve the PB equation, we supplement the boundary conditions of no flux at the center of the
channel and a surface-charge density at the surface of the channel, respectively:
ϕ,r (r = 0) = 0,

(21)

ϕ,r (r = 1) = σs ,

(22)

where the dimensionless surface-charge density has been normalized by
σ̃d = ε̃0 εr ϕ̃th /ã,

(23)

i.e., σs = σ̃s /σ̃d . Here, we assume that the surface charge is negative (i.e., σs < 0). Shortly, this will
lead to coion exclusion of negatively charged ions.
For the case of highly overlapping EDLs (ε  1), with a surface charge of order unity [|σs | ∼
O(1)], Schnitzer and Yariv [60] suggest a solution of the form
ϕ = −2 ln ε + φ.

(24)

Substituting Eq. (24) into Eq. (19), combined with σs < 0, yields a ratio of the coion to the
counterion concentration that is c− /c+ ∼ O(ε−4 ) [58]. Since ε  1, we conclude that the effects of
the coions are negligible. Thus, the PB equation is further reduced to
r −1 (rφ,r ),r = − 21 e−φ .
The solution of this is [56–58,61,62],



[4 + (r 2 − 1)σs ]
ϕ = ln
16σs (σs − 4)ε2
c+ = e−ϕ =

2

(25)


16σs (σs − 4)
[4 + (r 2 − 1)σs ]2

,

(26)

ε2 .

(27)

D. Solution: Velocity distributions

For unidirectionally developed flows, the simplified governing equation for the velocity field in
the axial direction is
r −1 (rux,r ),r + r −1 (rϑ,r ),r ϑ,x = 0.
013702-6

(28)

EFFECTS OF SURFACE-CHARGE REGULATION, …

The appropriate boundary conditions are
ux,r (r = 0) = 0,

(29)

ux (r = 1) = −bux,r .

(30)

Equation (29) is a symmetry condition at the center of the channel, while Eq. (30) is a slip length
boundary condition at the wall. The nondimensional slip length is normalized by the radius such
that b = b̃/ã. For b = 0, the traditional no-slip boundary condition is recovered. The inclusion of
the slip length is new relative to our recent work [58]. We will shortly demonstrate that the slip
length is responsible for changing the slope of the conductance. The minus sign in Eq. (30) denotes
that the normal to the surface is in the decreasing radial direction.
Equations (28)–(30) are solved via direct integration. Since the governing equation and boundary
conditions are linear, the velocity profile can be divided into two contributions: electric body force
with a no-slip contribution and a slip contribution

uno-slip

ux = uno-slip + uslip ,

= 2E ln 1 + 41 (r 2 − 1)σs ,
uslip = −bσs E .

(31)
(32)
(33)

Equation (32) has been derived in past works Refs. [56–58,61] while Eq. (33) has also been derived
in past works [57,62–64]. However, the dependency of σs on the concentration is either overlooked
or oversimplified. Thus, the main finding of this paper, which is discussed in Sec. IV, is the
demonstration of the universal change of the conductance and the slope due to the two terms in
Eq. (31).
E. Concentration, electric potential, and velocity plots

In Sec. II F, we will calculate cross-sectional averages of the various flux contributions—these
will include multiplication of the concentration, c+ , with the electric field, E , and the axial velocity,
ux . Therefore, it is useful to compare our theoretically predicted values with those calculated from
numerical simulations. The details of the two-dimensional (2D) numerical simulations that do not
assume fully developed profiles are provided in Appendix B.
Figures 3(a)–3(c) compare our theoretical predictions for the fully developed profiles to direct
numerical simulations for (a) c+ , (b) ϑ, and (c) ux at x = 21 L. Figure 3(d) presents the axial potential
distribution on the centerline [i.e., ϑ (r = 0, x)]. The correspondence is excellent, confirming that
our underlying assumptions and our derivation are self-consistent and correct. The electric potential
ϕ shown in Fig. 3(b) accounts for the additional 21 V term provided in Eq. (14). In Fig. 3(d), the
edges of the simulation domain have been cropped—these are regions where there are sharps drops
in the potential due to the EDLs (i.e., edge effects).
F. Transport coefficients

In nondimensional units, the cross-sectional average for any quantity f can be calculated by
 1

1
1 2π
f (r)rdr dθ = 2
f (r)rdr,
(34)
f¯ =
π 0
0
0
where the overbar denotes cross-sectional averages. Here, we will calculate a couple of interesting
quantities to confirm our solution. However, our primary focus is on the fluxes or conductance terms.
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FIG. 3. Plots of the (a) concentration [Eq. (27)], (b) electric potential [Eq. (26)], and (c) axial velocity
[Eq. (31)] distributions vs the radial coordinate at the center of the channel (x = L/2). (d) The electrical
potential along the axis (r = 0). For presentation purposes, we have presented only some of the simulation
points. The simulation parameters are ε = 10, σs, 1 = −(10/ε2 )1/3 , V = 1, Pe = 0.45, and b = 0.
3

The average counterion concentration is
1

N = c̄+ = 2

crdr = −4σs ε2 .

(35)

0

In dimensional units, this is
(2π ã)σ̃s
4σ̃s ε2 c̃0
2σ̃s
=−
,
(36)
=−
σ̃0
ãF̃ z
(π ã2 )F̃ z
which is the expected result one gets if the surface-charge density is multiplied by the perimeter and
divided by the cross-section area. This is the average excess counterion concentration discussed in
the Introduction [and in Eq. (2)]. Note that EDL overlap alone does not guarantee high selectivity.
Instead, one must require a combination of surface-charge and EDL effects, namely, the requirement
is that N  1 [or Ñ  c̃0 ]. See Appendix A for a short discussion on this issue. Also, the issue of
high selectivity versus vanishing selectivity has been extensively discussed in our recent work [65].
Finally, we note that Ñ can be rewritten in terms of the dimensional and nondimensional Dukhin
length, respectively:
Ñ = c̄˜+ = −

l˜Du = −σ̃s /(F̃ c̃0 ),

(37)

lDu = −2zσs ε2 ,

(38)
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such that
Ñ = 2

l˜Du c̃0
c̃0
= 2lDu .
ã z
z

(39)

Note that dividing Eq. (39) by c̃0 yields
N = 2lDu z−1 .

(40)

In the remainder, we will use the notation of N rather than the notation of lDu . However, they are
trivially linked through Eq. (40). Also, one can easily note that the two limits of Eq. (2) of N  1
and N  1 correspond to lDu  1 and lDu  1, respectively.
The average electrical potential is




1
σs − 4
8
4
+ ln
.
(41)
ϕ̄ = 2
ϕrdr = −2 ln ε − 2 + ln
σs
σs − 4
16σs
0
In our previous work [58], we reported, “For the case of large surface charge, which is typically the case in highly selective nanopores, the limit σs → −∞, the leading order term is ϕ̄ =
− ln(−4σs ε2 ) = − ln c̄+ .” This statement is incorrect, and we wish to correct our miscalculation. In
the limit σs → −∞, the correct value is given by ϕ̄ = −2− ln(16ε2 ), which is independent of the
surface charge.
Due to coion exclusion, the current is transported solely by the counterions. Thus, the current
density in the axial direction is given by
i = j+ · x̂ = −(c+ ϕ,z − Peux c+ ) = iOhmic + iadv .

(42)

We calculate the average electrical current density of both the Ohmic and advective current densities
[using Eqs. (26), (27), (15), (31), and (34)]. The Ohmic current is
1

īOhmic = 2

c+ E rdr = c̄+ E = −4σs ε2

0

V
.
L

(43)

The axial velocity [Eq. (31)] has two contributions: no-slip and slip. Thus, the advective current,
too, has two contributions:
iadv = Pec+ ux = Pec+ (uno-slip + uslip ) = iadv,no-slip + iadv,slip .

(44)

We calculate the average of each term:


V
1
,
= 2Pe
c+ uno-slip rdr = −8ε Pe σs + 4 ln 1 − σs
4
L
0
1
V
īadv,slip = 2Pe
c+ uslip rdr = 4Pebε2 σs2 .
L
0
1

īadv,no-slip

2

(45)
(46)

Note that Eqs. (43), (45), and (46) are linear with the applied potential drop, V .
Consider the conductance, which is the ratio of the current to the voltage:
Ḡcond = ī/V.

(47)

Due to the linearity of Eq. (42), the conductance is a sum of three different terms:
Ḡcond = Ḡohmic + Ḡadv,no-slip + Ḡadv,slip ,

013702-9
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where
īOhmic
1 V
c̄+
−4σs ε2
= c̄+ =
=
,
V
V
L
L
L


−8ε2 Pe σs + 4 ln 1 − 41 σs
īadv,no-slip
=
,
=
V
L
īadv,slip
4Pebε2 σs2
Ḡadv,slip =
=
.
V
L

ḠOhmic =
Ḡadv,no-slip

(49)
(50)
(51)

Equations (48)–(51) are the nondimensional expressions for the conductance. Note that two of the
terms depend on the Peclet number.
The dimensional expressions are recovered by using the normalizations given in Eqs. (10)–(13).
The dimensional conductance is related to the nondimensional conductance
Ḡ˜
= Ḡ (ĩ /ϕ̃ ),
(52)
cond

cond

0

th

where ĩ0 is the characteristic electrical current density given by
ĩ0 = zF̃ j̃0 = zF̃ D̃c̃0 /ã.

(53)

The current density to thermal voltage ratio in Eq. (52) is
z2 F̃ 2 D̃c̃0 1
ĩ0
zF̃ D̃c̃0 /ã
κ̃cond
=
=
=
,
ϕ̃th
ã
R̃gT̃ /F̃ z
R̃gT̃ ã

(54)

κ̃cond = z2 F̃ 2 D̃c̃0 /(R̃gT̃ ),

(55)

where, once more,

is the dimensional conductivity. Note that the ã in the denominator of Eq. (54) will transform the
L in each of the conductance terms to be L̃. After multiplying by the area, π ã2 , the dimensional
cross-sectional integrated conductances are
σ̃s π ã2
,
σ̃d L̃


π ã2
σ̃s
1 σ̃s
2
G̃adv,no-slip = −8κ̃cond ε Pe
,
+ 4 ln 1 −
σ̃d
4 σ̃d
L̃
 
b̃ 2 σ̃s 2 π ã2
G̃adv,slip = 4κ̃cond Pe ε
,
ã
σ̃d
L̃
G̃Ohmic = −4κ̃cond ε2

G̃cond = G̃Ohmic + G̃adv,no-slip + G̃adv,slip .

(56)
(57)
(58)
(59)

The overbar for the dimensional quantities has been omitted to avoid a complicated notation but
also because these are no longer cross-sectional averaged quantities—rather, they are cross-sectional
integrated quantities.
Multiplying Eqs. (11) and (55) yields
κ̃cond ε2 =

ε̃0 εr D̃
,
2ã2

(60)

where it can be observed that κ̃cond ε2 is concentration independent. This observation will be used in
Sec. IV. Before analyzing the behavior of the conductance (Sec. IV), we will discuss the effects of
surface-charge regulation (Sec. III).
013702-10
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Nonetheless, it is worthwhile to note that the relations given by Eqs. (56)–(59) are very similar
to the conductance expression derived in Manghi et al. [57] [their Eq. (19)]. However, several
precautionary remarks are needed in comparing this paper to Ref. [57]. To compare their low
concentration theoretical model to experiments at both low and high concentrations, Manghi et al.
[57] attempt to derive a solution that holds for all concentrations (high and low concentrations).
To that end, they use an interpolating function to empirically extend their solution from high
selectivity [which they term the good-ion exclusion limit (GCE)] to low concentrations. However,
such an extension is artificial and is empirical. It is equivalent to assuming a known solution to
the Poisson-Boltzmann equation that holds for all concentrations. However, to the best of our
knowledge, a tractable analytical solution of the Poisson-Boltzmann equation is unknown except
for the two limiting cases of high selectivity and vanishing selectivity. Thus, that extension, and
the final form of their Eq. (19), are not rigorous in the sense that they cannot be derived directly
from the Poisson-Nernst-Planck (PNP) equations. In fact, in the case that advection is neglected,
one would expect that the solution of Manghi et al. [57] would match the well-known model of
Eq. (2) that is rigoursly derived in Appendix A. It does not. This is yet another indicatation that their
interpolation formula is incorrect. In fact, using an interpolation formula to fit two known limits is
related to the commonly used, and incorrect, superposition approach of adding the bulk conductance
and the surface-charge conductance. In two of our past works [66,67], we have discussed the flaws
of the superpositon approach and why it is inapplicable. Those understandings carry over to the
“interpolation” approach.
In continuation, Manghi et al. [57] introduce another conceptual error regarding their artificial
extension of the advective flux. They assume that the advective flux obtained at high selectivity
also holds for vanishing selectivity. Vanishing selectivity is derived under the Debye-Hückel (DH)
approximation, whose inherent assumption of small potential contradicts the one used here of large
potentials. Under the DH approximation, the resultant potential, space-charge density, and no-slip
velocity field are given by
I0 (r/ε)
,
I1 (ε−1 )
= −2ϕDH ,

ϕDH = εσs
ρe,DH

uDH = εσs E

I0 (r/ε) − I0 (ε
I1 (ε−1 )

(61)
(62)
−1

)

.

(63)

It is evident that all these distributions are different than those of highly selective systems. We
see that the space charge for the DH approximation, given by Eqs. (61) and (62), differs from the
space charge given by ρe = c+ = e−ϕ [Eq. (27)]. At high selectivity, only the counterion contributes
to the space-charge density, while under the DH approximation the coion also contributes [this is
the factor 2 in Eq. (62)]. If the space-charge density is different, so is the driving force for the
velocity. As a result, the velocity given by Eq. (63) differs from that given by Eq. (32). Naturally,
the form of the advective current changes as well (see Ref. [58]). Hence, the Manghi et al. [57]
extension of the advective current, given by Eq. (57), from low to high concentrations is incorrect.
Nonetheless, while it appears that their extension to high concentrations is incorrect, it appears that
their Eq. (19), when evaluated for low concentrations, is somewhat similar to our expression for
their conduction. That it is similar but not identical can be attributed to their interpolating function.
Also, their analysis and results differ from those given in this paper. This will be discussed further.
III. SURFACE-CHARGE REGULATION

In our derivation thus far, the surface-charge density has been assumed to be a spatial constant
that does not change as the environment around it changes. In the remainder, we will continue with
the assumption of spatial independence, but we will alleviate the assumption that the surface charge
does not vary with the environment.
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The pioneering work of Stein et al. [50] showed that when the surface charge is spatially constant
one finds that the conductance depends on the surface charge and is concentration independent at
low concentrations [Eq. (5)]. Stein et al. [50] also showed that the surface-charge density could be
modulated by varying the pH. Nonetheless, while the value of the conductance changed, the slope
of the conductance did not appear to change. The fact that the slope did not change was later verified
by Schoch et al. [68,69] and very recently by Wang et al. [70]. However, Smeets et al. [71] showed
that under certain conditions the conductance exhibited a nonzero slope. This change in slope was
attributed to a concentration dependency of the surface-charge density.
In recent years, it has been suggested that the surface-charge density, σs , is regulated through the
Langmuir isotherm [54–56,58], and that it depends on the potential at the surface, ϕs = ϕ(r = 1):
 −1

F̃ ñ
σ̃s
ϕ̃s
pK−pH∞
1 + 10
σs =
=
exp −
.
(64)
σ̃d
ϕ̃th
Ña σ̃d
Here, Ña is Avogadro’s constant, ñ is the maximal number of ionizable sites per unit area, pK
is the disassociation constant, and pH∞ is the pH in the bulk concentration. Using the Langmuir
isotherm, various models have predicted various slopes. In particular, it has been observed that,
without convection, the slope of the conductance-concentration plot, α, takes the specific values of
1
[54] and 21 [55]. Recently, using numerical simulations, Uematsu et al. [56] demonstrated that the
3
slope transitions continuously between 0 and 21 .
Nonetheless, while the findings of Uematsu et al. [56] can numerically explain the various slopes
observed in experiments, the theoretical understanding of the underlying physics is still missing.
Also, the framework of surface-charge regulation alone is unable to predict slopes larger than 21 .
For example, Noy and coworkers [3,72] have measured slopes ranging from 21 to 1 in their system
of carbon nanotube (CNT) porins. Green et al. [66,67] measured a slope of 1 in their silicon-based
channels. In their recent work, Noh and Aluru [73] compiled the slopes of many nanofluidic systems
and showed that the slopes vary continuously from 0 to 1. As such, there is a nontrivial knowledge
gap regarding slopes that are larger than 21 . The case of slopes that are smaller than 21 is considered
first and the case of slopes exceeding 21 will be addressed further below.
Here, we leverage the derivations of Sec. II C to recapitulate the results of Uematsu et al. [56]
in an almost analytical manner (i.e., α ∈ [0, 21 ]). In the next section, we will extend our solution
to account for convection and show that α can take any value between 0 and 1. In the Discussion
(Sec. V), we will discuss another mechanism related to entrance effects, that changes the slope to 1.
From Eq. (26) we find the surface potential [ϕs = ϕ(r = 1)]
ϕ̃s /ϕ̃th = − ln[ε2 σs (σs − 4)].

(65)

Once more, σs = σ̃s /σ̃d is the nondimensional surface-charge density. Substitution of Eq. (65) into
Eq. (64) yields a third-order polynomial that determines the surface-charge density
σs3 − 4σs2 + (βε2 )−1 σs + (βε2 )−1 γ = 0,

(66)

β = 10 pK−pH∞ ,

(67)

γ = F̃ ñ/(Ña σ̃d ).

(68)

where

It can be observed from Eq. (66) that the surface density, σs , depends on three parameters: γ , β, ε.
This contrasts with the dimensional form of Eq. (66), which depends on five parameters [56]:
pK, pH∞ , c0 , n, a. In fact, the number of parameters in Eq. (66) can be reduced to two: γ , βε2 .
This reduction to a more universal equation will not only provide us with more robust results but
will also allow us to better interpret the numerical results of Uematsu et al. [56] (Sec. IV).
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Equation (66) can be solved analytically with any symbolic math program. Surprisingly, the
solution for a third-order polynomial that depends only on two parameters is not tractable. Thus,
we do not present the long solution here. Instead, we show that three solutions are immediately
recovered. For the case that βε2  1, σs2 and σs3 are negligible. This leads to the concentrationindependent solution
σs,0 = −γ ,

(69)

For the case that βε2  1 the linear term is negligible. This leads to two solutions for large and
intermediate surface charges, respectively [58]:
σs, 1 = −[γ /(βε2 )]1/3 ,

(70)

σs, 1 = − 21 [γ /(βε2 )]1/2 .

(71)

3

2

Section IV utilizes the dimensional form of these equations:
σ̃s,0 = −γ σ̃d = −F̃ ñ/Ña ,

(72)

σ̃s, 1 = −[γ /(βε2 )]1/3 σ̃d = −(2ε̃0 εr R̃gT̃ zc̃0 γ /β )1/3 ,

(73)

3

σ̃s, 1 = − 21 [γ /(βε2 )]1/2 σ̃d = − 21 ãF̃ c̃0 zγ /β
2

1/2

.

(74)

Equation (74) is identical to the equation suggested by Ref. [55], while Eq. (73) is identical to
the equation suggested by Ref. [54]. It should also be mentioned that in both works these equations
were derived using the cross-sectional average of the electric-potential distribution. In contrast to
Refs. [54,55], here we have derived these two relations from local considerations. In the next section,
we will demonstrate that the insertion of Eqs. (72)–(74) in Eq. (2) will yield conductance slopes of
0 [56] to 13 [54,56] to 21 [55,56]. Since Refs. [54–56] conducted a comparison with experiments, we
will not undertake a similar comparison. Instead, our purpose thus far has been to demonstrate that
these three different models are derived from the same universal equation [Eq. (66)] representing
the same theory. In the next section, we confirm Uematsu et al. [53] finding that the slope can vary
smoothly from 0 to 21 .
In their work, Manghi et al. [57] considered the case that the unity term in Eq. (64) is negligible
relative to the pH term. Indeed, in the limit of high surface charges, this is the case. However,
if one neglects this term before inserting Eq. (65) into Eq. (64), then one changes the resulting
governing equation for the surface-charge density [Eq. (66)]. As a result, the linear σs contribution is
removed, and the slope varies between the two limiting solutions of 13 to 21 . Manghi et al. [57] indeed
only consider the two specific cases of α = 13 and 21 which they term “high surface-charge density
(inhomogeneous) GCE” and “low surface-charge density (homogeneous) GCE” limits, respectively.
Once more, it appears that in these two distinct limits their approximations are correct. However,
they do not show the gradual and smooth transition from α = 13 (or α = 0) to 21 . While potentially
they could have predicted the doubling presented in this paper, it appears that they only considered
the particular cases of α = 13 and 21 [additional comments regarding the α = 21 scenario described in
Manghi et al. [57]—their Eq. (24)—can be found below Eq. (79)], and they overlooked the general
solution.
IV. CONDUCTANCE

This section is divided into three subsections. First, we discuss the behavior of the Ohmic
conductance (i.e., the effects of convection to the conductance are negligible) (Sec. IV A). Second,
we discuss the contribution of convection without slip to the conductance (Sec. IV B). Finally,
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FIG. 4. (a) Ohmic conductance vs concentration [Eq. (2)] for the three surface-charge densities: σ̃s,0 , σ̃s, 1 ,
3
σ̃s, 1 [Eqs. (72)–(74), respectively]. Theory is denoted by lines, and simulations are denoted by markers. (b) A
2
zoomed-in view of (a). The values for the simulations are given in Tables I and II.

we discuss the contribution of convection with slip to the conductance (Sec. IV C). In all three
subsections, we consider the effect of surface-charge regulation [Eqs. (72)–(74)].
Before proceeding with the analysis, it should be noted that while this analysis focuses on the
electrical conductance one can also consider the mass transport coefficients. This is the transport
coefficient matrix that relates the volume flux and electrical current densities to the pressure drop
and electric field. It can be shown that such a matrix satisfies Onsager reciprocity. An analysis of
this matrix (without the effects of slip) was conducted in our previous work [58].
A. Convectionless conductance

Consider the low concentration response of the Ohmic conductance—this is the limit when the
concentration term in Eq. (2) is negligible (Ñ  c̃0 ):
G̃Ohmic,low =

2π ã zF̃ D̃
|σ̃s |.
L̃ R̃gT̃

(75)

This expression was derived in Sec. II F [Eq. (56)] but is also recapitulated by inserting Eq. (36)
into Eq. (5). Observe that Eq. (75) is explicitly concentration independent, yet there is an implicit
dependency on the concentration through the surface charge. In Eqs. (72)–(74) we saw that σ̃s ∼ c̃0α .
This leads to G̃Ohmic ∼ c̃0α . Hence, the conductance is implicitly dependent on the concentration, and
the slope of the Ohmic conductance is the same slope of the surface-charge density, α.
Under the assumption of negligible convection, we can use Eq. (2) in the entire concentration
domain (Appendix A). We insert into it Eqs. (72)–(74) and plot the conductance for these three
specific cases (Fig. 4). At high concentrations, when the effects of the surface charge are negligible,
these three lines collapse on each other, and the slope is 1. At low concentrations, however, the
behavior of the three curves varies drastically, where it becomes evident that the slope has a
dependence on the concentration (via surface-charge regulation). Our theoretical predictions are
verified by direct numerical simulations of the PNP equations (Appendix B)—the correspondence
between theory and simulation is remarkable.
While the purpose of the numerical simulations was to verify our analytical results, the technical
feat of these simulations is also noteworthy, namely, the high resolution of these simulations. In
most state-of-the-art 2D or three-dimensional simulations, the typical concentration range covers
only three decades with—two to four points per decade. Here, we investigate the changes over six
decades of concentrations. We have five points per decade of concentration in regions when the
slope is not transitioning from one value to another and 20 points per decade of concentration in
013702-14
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FIG. 5. Color map of the slope α, in the c̃0 − pH plane of the Ohmic conductance, G̃Ohmic,low [Eq. (75)].
White diagonal lines denote the lines of constant slope of α = 13 , 0.483. The thick red lines denote cutoffs
discussed in the main text. Here we used the values of Fig. 1 from Uematsu et al. [56]: ã = 35 nm, pK = 5,
and ñ = 0.2 nm−2 .

regions where the slope is transitioning. In fact, in Fig. 4(b), it is challenging to differentiate the
curve from the almost continuous array of markers representing the numerical simulations due to
the high density of points.
Figure 4 considers only three particular solutions of Eq. (66) with slopes of 0, 13 , and 21 . We will
now demonstrate that the slope varies continuously between 0 and 21 . To that end, we review the
numerical approach of Uematsu et al. [56], which will be used here as well, albeit we supplement it
with a more theoretical approach.
Uematsu et al. [56] numerically solved the one-dimensional (1D) PNP equations and investigated
how the slope of the conductance varied with the (pK, pH∞ , c̃0 , ñ, ã) phase space of the Langmuir
isotherm [Eq. (64)]. In their simulations, they set ã, ñ, pK to several particular values and investigated the effects of pH∞ and c̃0 . Since they utilized numerical simulations, they considered both
low and high concentrations. Expectedly, at high concentrations, they showed that the slope was 1
(Fig. 4, which will not be considered in our upcoming analysis). At low concentrations, Uematsu
et al. [56] showed that the slope α varies from 0 to 21 . To that end, they numerically calculated the
conductance for each configuration in their c̃0 − pH phase space, and they evaluated the slope via
α=

d (ln G̃)
.
d (ln c̃0 )

(76)

Thereafter, they plotted a 2D color plot of the value of α for the c̃0 − pH phase space.
Here, we recapitulate the low-concentration results of Uematsu et al.’s Fig. 1 [56]—this is our
Fig. 5, albeit our approach is different. First, our analytical derivation is limited to low concentration.
However, the variation with α occurs only at low concentrations. Second, our approach is almost
entirely analytical. The only numerical evaluation used here is in solving Eq. (66), which was
analytically derived. Specifically, we use the Newton-Raphson method to solve Eq. (66) for σ̃s .
Third, Uematsu et al. [56] have five parameters. Our approach has two parameters: γ and βε2 .
Upon solving Eq. (66), the surface-charge density, σ̃s , is inserted into G̃Ohmic,low [Eq. (75)]. We
evaluate the slope using Eq. (76). The benefits of our approach are twofold: technical and physical
insights.
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On the technical side, Uematsu et al.’s [56] results were based on direct numerical simulations
of the PNP equations. Even though 1D simulations are no longer computationally costly, scanning a
five-dimensional phase space can be burdensome. Even scanning a 2D phase space (c̃0 − pH) takes
time, and the final results of Eq. (76) eventually depend on the resolution of the phase space. For
example, Fig. 1 of Ref. [56] is pixilated. In contrast, our approach is by far less computationally
demanding. Our approach allows us to scan the phase space to any desired resolution in an almost
instantaneous manner. As a result, Fig. 5 is not pixelated.
Figure 5 also provides physical insights into the conductance at low concentrations. Figure 1
of Uematsu et al. [56] exhibited several stripes of the same color (that denote constant slopes).
The origin of these stripes was not explained. Our theoretical approach provides an intuitive
explanation—these are lines of constant βε2 [this result can be recovered by taking log10 (βε2 )
and inserting Eqs. (11) and (67)]. In our two-parameter approach (γ , βε2 ), which follows the
five-parameter approach of Uematsu et al. [56], we set γ and scan βε2 . Hence, values of constant
βε2 should lead to values of constant slope. In, the c̃0 − pH plane these are stripes. Figure 5
demonstrates two key results: (1) the slope varies continuously between 0 and 21 and (2) the slopes
are lines of constant βε2 .
Further below, we discuss the thick red lines at the top and bottom of the phase space of Fig. 5.
These lines are the cutoffs, as suggested by Ref. [56], when the contribution of H+ ions to the
conductance is no longer non-negligible.
B. Convection without slip

Before we present the results pertaining to the effects of convection, we wish to make three
general statements.
(1) It is intuitive and elementary that convection should increase the conductance.
(2) It is not intuitive whether or not convection should vary the slope of the conductance.
(3) Nor is it intuitive whether or not the effects of the slip length will vary the slope.
We will shortly show that no-slip convection increases the conductance but does not change the
slope α. Inclusion of slip changes further increases the conductance and varies the slope from α to
2α.
Consider the conductance that accounts for the Ohmic contribution and the no-slip advective
term
G̃total,no-slip = G̃Ohmic,low + G̃adv,no-slip .
We return to Eq. (57):
G̃adv,no-slip = −8κ̃cond ε2 Pe



π ã2
1 σ̃s
σ̃s
.
+ 4 ln 1 −
σ̃d
4 σ̃d
L̃

(77)

(78)

Since κ̃cond ε2 is concentration independent [Eq. (60)] then G̃adv,no-slip is also explicitly concentration
independent. However, G̃adv,no-slip implicitly depends on the concentration through the surfacecharge density.
We will now consider two situations σs = σ̃s /σ̃d  1 and σs  1. The case of small surface
charge yields
 
π ã2 σ̃s 2
(σ̃s /σ̃d 1)
2
G̃adv,no-slip = κ̃cond ε Pe
.
(79)
L̃ σ̃d
This contribution was previously derived in Refs. [55,57]. This solution corresponds to the solution
predicted by the uniform potential model [74] (see Ref. [58] for a discussion regarding the limitations of the uniform potential model for nanopores with ε  1). Equation (79) predicts a σs2 scaling
while G̃Ohmic,low predicts a linear scaling. Hence, one might expect a change in the slope. Yet, in the
limit σs  1 one has G̃total,no-slip ∼ G̃Ohmic,low ∼ c̃0α . Hence, there is no change in slope. Manghi et al.
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[57] also derived Eq. (79) in their work, only for the particular slope α = 21 , and they state (in the
notation of this paper), “At low but intermediate c̃0 and high enough slip length the second term may
dominate and lead to a cross-over exponent of 1.” Such a statement is not entirely correct. In order
for |Ḡadv,slip /ḠOhmic | ∼ O(1), one must have |Pebσs | ∼ O(1), which requires that b ∼ O(σs−1 )  1.
However, in order for |Ḡadv,slip /ḠOhmic |  1 one must require that b  1. As we will discuss in
the Discussion, the slip length is a material property that cannot be increased without limit. Further,
we will shortly show that once one takes the σs  1 limit combined with the slip length a value of
b ∼ O(1) predicts the doubling of the slope.
For large surface charges, σs  1, which is the typical case for highly selective nanochannels,
the logarithmic term in Eq. (78) is negligible. This results in
(σ̃s /σ̃d 1)
G̃adv,no-slip
= −8κ̃cond ε2 Pe

π ã2 σ̃s
.
L̃ σ̃d

(80)

Inserting Eqs. (56) and (80) into Eq. (77) yields
σ̃s π ã2
(1 + 2Pe).
(81)
σ̃d L̃
Indeed, the convection term substantially increases the conductance [60]. For example, for a
KCl water-based electrolyte at room temperature, one finds that the Peclet number [Eq. (13)]
is approximately 0.45 such that convection increases the conductance by approximately 100%.
However, Eq. (81) predicts that the slope of the conductance remains unchanged relative to the
Ohmic conductance (i.e., G̃total,no-slip ∼ σ̃s ∼ c̃0α ). Note that in our calculations we use the complete
form of Eq. (57) [or Eq. (78)] whereby the analysis leading up to Eq. (81) has been used for
demonstration purposes to understand each of the contributions better.
Figures 6(a)–6(c) compare the theoretical predictions of Eq. (77) to numerical simulations for
the three cases of (a) σ̃s,0 , (b) σ̃s, 1 , and (c) σ̃s, 1 . The solid red lines are the Ohmic conductance
3
2
previously shown in Fig. 4. For presentation purposes, we have not included the convectionless
simulations (Pe = 0) that were shown in Fig. 4. The dashed blue lines in each of the plots represent
the case of Pe = 0.45 with a no-slip boundary condition (b = 0). The excellent correspondence in
all three cases confirms the prediction that no-slip convection increases the conductance but does
not change the slope.
(σ̃s /σ̃d 1)
G̃total,no-slip
= −4κ̃cond ε2

C. Convection with slip

We return to Eq. (58), which gives the expression for the contribution of the slip length to the
conductance:
 2
σ̃s b̃ π ã2
2
.
(82)
G̃adv,slip = 4κ̃cond ε Pe
σ̃d ã L̃
Note that while this term depends on the area π ã2 the slip length is divided by the radius such that
the term is linear with the radius. This is expected of a phenomenon that originates at a surface.
Similarly, the low concentration Ohmic conductance [Eq. (56)] scales with the perimeter. We add
Eq. (82) to Eq. (77) to get an expression for the conductance that accounts for all three contributions:
G̃total,slip = G̃total,no-slip + G̃adv,slip = G̃Ohmic,low + G̃adv,no-slip + G̃adv,slip .

(83)

Two observations are noteworthy. First, as can be expected, G̃adv,slip further increases the conductance. Second, G̃adv,slip scales quadratically with the surface charge, G̃adv,slip ∼ σ̃s2 ∼ c̃02α . As
a result, the overall slope of G̃total,slip changes relative to that of G̃total,no-slip . If G̃total,no-slip has a
slope α ∈ [0, 21 ] then G̃total,slip has a slope 2α ∈ [0, 1]. We demonstrate this change of slope in two
different manners.
The dotted orange, magenta, and green lines of Figs. 6(a)–6(c) compare the theoretical predictions of Eq. (83) to numerical simulations that account for convection with a nonzero slip length
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FIG. 6. Conductance-concentrations curves predicted by Eq. (83) for (a) σ̃s,0 [Eqs. (72)], (b) σ̃s, 1
3
[Eqs. (73)], and (c) σ̃s, 1 [Eq. (74)]. Theory is denoted by lines, and simulations are denoted by markers. The
2
values for the simulations are given in Tables I and II.

(b = 0). Figure 6(a) shows that when σ̃s,0 ∼ c̃00 [i.e., α = 0, Eq. (72)] the slope always remains
α = 0. Figure 6(b) shows that when σ̃s, 1 ∼ c̃01/3 [Eq. (73)] the slope transitions from α = 13 to 23 as
3

the slip length is increased. Figure 6(c) shows that when σ̃s, 1 ∼ c̃01/2 [Eq. (74)] the slope transitions
2
from α = 21 to 1 as the slip length is increased. The correspondence between simulations and theory
is excellent and demonstrates the dependency of the conductance on σ̃s and b̃.
Several comments are warranted. The 23 slope was recently measured in an experimental work
that utilized carbon nanotube porins [72]. These experimental results [72] correspond well to the
theoretical predictions of Ref. [57], which predicted a slope of α = 23 (due to the effects of slip).
However, Ref. [57] specifically considered σ̃s, 1 ∼ c̃01/3 (i.e., G̃total,slip ∼ c̃02/3 ) and overlooked the
3
more general G̃total,slip ∼ c̃02α solution that holds for all α ∈ [0, 21 ]. One of the main findings of this
paper is the generality of the transition from a slope of α (for convection without slip) to 2α (for
convection with slip). The slope of 1 corresponds to the experimental finding of Ref. [3].
It can be argued that the slope in Fig. 6(c) does not truly reach a slope of 1. Below, we discuss how
decreasing the concentrations or increasing the slip lengths would show the slope indeed reaches 1.
Beforehand, for demonstration purposes, we use the “unrealistic” case b̃ = 100ã to show that the
slope indeed varies from 0 to 1. We use the parameter set (ã, ñ, pK) used to calculate for Fig. 5.
We use the same parameter set but rather than inserting it into the Ohmic contribution [Eq. (75)] we
insert the calculated value of σs in the equation that accounts for convection and slip [Eq. (83)]. The
results are shown in Fig. 7, where it is observed that α ∈ [0, 1].
013702-18

EFFECTS OF SURFACE-CHARGE REGULATION, …

FIG. 7. Color map of the slope, α, in the c̃0 − pH plane for G̃total,slip [Eq. (83)]. The white diagonal lines
denote the lines of constant slope of α = 13 and 0.483 shown in Fig. 5.

To achieve a slope of 1, one can either consider smaller c̃0 or larger b̃. In both cases, this will result
in G̃adv,slip dominating G̃total,slip . However, while both approaches are mathematically allowed, two
experimental facts should be remembered. Varying the slip length without end suffers a substantial
setback—the slip length is a material property that cannot be tuned as desired. Several comments are
noteworthy. First, a number of works have shown that the slip length can take values b̃ = 50–200 nm
[75–78]. If the slip length is indeed a material property, then a CNT channel with a radius of ã =
10 nm would have a dimensionless slip length of b = 5–20, which is only five times smaller than that
used in Fig. 7 but well within the values used in Fig. 6. Second, it has been recently suggested [79],
through statistical physics considerations and molecular dynamics simulations, that the slip length
can be varied by changing a few fluid-structure interaction parameters. However, these parameters
are also characteristics of the material and hence from our perspective, indeed, b̃ is a nontunable
property. Third, in a recent work that utilized molecular dynamic simulations, it was shown that
for pores with large aspect ratios (L  a) the slip length appears to be a property of the material.
However, for L  a, the slip length appears to have a certain enhancement. In this paper, we have
utilized the assumption of L  a, which is realistic to the scenario for CNTs and Boron-nitride
nanotubes (BNNT). Nonetheless, future works should consider how the conductance in short pores,
L ∼ a, varies with slip.
In Sec. II A. we assumed that the contributions of hydrogen and hydroxide to the conductance
are negligible. However, this assumption fails at extremely low concentrations that can be probed
experimentally. When this occurs, our assumption that the current is transported only by the salts
no longer holds. Thus, at sufficiently low concentrations, a cutoff is needed. These are the thick red
lines in Figs. 5 and 7 (as suggested by Uematsu et al. [56]). The concentrations used in this paper
are representative of realistic experimental conditions. Hence, within the limits considered in this
model, we have still demonstrated that the slope G̃total,slip changes due to surface-charge regulation
and convection. Future works should attempt to model the case of four species with a pore.
V. DISCUSSION AND CONCLUSIONS

This paper aims to elucidate the underlying theory affecting the change of the slope of the
electrical conductance at low concentrations, as numerous phenomena are added. Specifically,
we start with the Ohmic conductance. We then consider surface-charge regulation, convection
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without slip, and convection with slip. The contribution of each phenomenon is analyzed separately.
Specifically, we show that the Ohmic contribution, along with surface-charge regulation, can have
a slope α ∈ [0, 21 ]. The addition of convection without slip does not vary the slope. However, the
addition of a slip length results in a change of the slope from α ∈ [0, 21 ] to 2α ∈ [0, 1]. This is the
main finding of this paper and has broad implications for theory and experiments [80].
From the theoretical standpoint, numerous past works have derived expressions for various contributions to conductance. Each of these contributions or terms holds under different assumptions,
whereby the assumptions do not necessarily overlap and/or are in conflict. Also, some of these
models are based on empirical reasoning. Despite such shortcomings, it has become common
practice to model the total conductance, G̃total,slip , as a superposition of these various models. In
contrast, in this paper, our model is an exact solution of the PNPS equations, and all terms are
entirely self-consistent with each other.
In experiments, one measures the total conductance, G̃total,slip (c̃0 ) from which the slope, αmeas , can
be extracted. From the experimental standpoint, there remain two additional unknown parameters
from Eq. (83) that need to be determined. These are ñ and b̃. Determining these is challenging
because the surface charge is a complicated function of ñ and c̃0 , σ̃s (c̃0α , ñ), that needs to be
determined by Eq. (66). We consider a number of scenarios. In all these scenarios, foreknowledge of
pK, which is a material property, is needed. If not, this parameter also needs to be fitted or estimated.
(1) No convection (with and without slip). If one assumes that the slope has very discrete values—
α = 0, 13 , 21 —it is straightforward to extract the maximal number of ionizable sites per unit area, ñ,
from Eqs. (72)–(74). If the assumption of discrete values is relaxed such that αmeas ∈ [0, 21 ], one can
solve Eq. (66) to find what value of ñ will give αmeas = αtheory .
(2) With slip (αmeas > 21 ). Surface-charge regulation predicts a maximal slope of 21 (αtheory ∈
[0, 21 ]). Hence, slip effects are necessarily present when αmeas > 21 . For a measured slope, the
theoretical slope is αtheory = 21 αmeas . One can solve Eq. (66) to find what value of ñ will give
αmeas = αtheory . Thereafter, the slip length can be calculated.
(3) With slip (αmeas < 21 ). This scenario, with no existing knowledge regarding the slip length,
is exceptionally challenging. One can use the scenarios mentioned above as two possible initial
guesses. Another possibility is to conduct another round of experiments with a different set of
conditions (i.e., different pH) such that the slope changes. Given two sets of experiments and
assuming that material properties are invariant to the experimental conditions, calculation of ñ and
b̃ should be possible.
Additional theoretical and experimental complications, in extracting the slope, follow from the
unfortunate reality that other phenomena not modeled here are, possibly, present in the system. For
example, recently, Noh and Aluru [73] derived a model that also predicted a slope of α ∈ [0, 1].
In contrast to this model, Noh and Aluru [73] have assumed a nonregulated surface density (i.e.,
σ̃s ∼ c̃00 ) and negligible convection. Instead, Noh and Aluru [73] introduced a new term or expression
into their model related to the newly suggested phenomena of electroneutrality breakdown [81]
such that their slope, α, is a free fitting parameter and serves as a proxy for the breakdown. Such an
approach contrasts with the approach taken in this paper. In our paper, the value of the slope depends
on the material properties and is not a fitting parameter. Here, the only way to vary the slope is to
tune the material properties (ñ, b̃). Also, electroneutrality breakdown has recently been contested
[65], where it was shown that the breakdown might not be as prevalent as is thought, and very
unique conditions are needed for the breakdown to occur. Nonetheless, the issue of electroneutrality
breakdown remains an open question.
This paper has shown that the effects of surface-charge regulation can result in a slope of 0 to
1
.
Upon the inclusion of slip, the slope varies between 0 and 1. Yet, an additional mechanism,
2
independent of surface-charge regulation and slip, also predicts a slope of 1. This mechanism is
related to the added contributions of the field-focusing resistances and microchannel resistances
[66,67,82]. In many works, typically, only the nanochannel is modeled such that, naturally, only
the nanochannel conductance arises. However, if one accounts for the adjacent microchannels, two
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FIG. 8. Schematic behavior of the linear Ohmic conductance, G, of a nanochannel-microchannel system
vs the bulk concentration, c0 . The two lines of the nanochannel-only system (shown in Fig. 1) have been added
for comparison’s sake.

additional resistances arise. The first is commonly known as “access” resistance [44,83–85]. This
resistance describes how electric field lines focus from an infinitely large reservoir into a smaller
area. This resistance has recently been modeled to account for reservoirs of a finite size where the
electric field lines are no longer axisymmetric and are highly influenced by the boundaries (i.e.,
walls, as in the case of microchannels [82], or planes of symmetry, as in the case of nanochannel
arrays [86]). The generalized “access resistances” have been termed “field-focusing” resistances,
R̃ f f [66,67,82]. In this new model, the reservoir geometric lengths are finite. This leads to nonnegligible resistances. This is the second resistance—the microchannel resistance, R̃micro .
It is common to assume that the microchannel and field-focusing resistances are negligible
relative to the nanochannel resistance. However, as it turns out, such an assumption is inherently
wrong. Instead, at low concentrations, these two newer resistances dominate over the nanochannel
resistance. In dimensional form, both the microchannel and field-focusing resistances are inversely
proportional to the concentration (R̃micro ∼ R̃FF ∼ c̃0−1 ). Without surface-charge regulation, the
nanochannel resistance is a constant that is independent of the concentration. Thus, the total
resistance of the system [R̃total ∼ (R̃nano + 2R̃micro + 2R̃FF )—see Ref. [67] for an exact expression]
is dominated by the microchannel and field-focusing resistances. The conductance of the system,
−1
which is reciprocal to the resistance (G̃total = R̃total
), is then determined by R̃micro and/or R̃FF such
that the conductance is linear with the concentration (G̃total ∼ c̃0 ). This is the dashed red line in
Fig. 8.
Notably, the derivation in Ref. [67] for R̃total is not limited solely to σ̃s,0 . The derivation in
Ref. [67] also uses the average excess counterion concentration [Eq. (36)] which generally holds for
any surface-charge density [Eqs. (72)–(74)]. Hence, it can be shown that, when the surface-charge
density is regulated and microchannel effects are accounted for, the conductance as given by
Ref. [67] has two inflections—this is the solid purple line in Fig. 8. Initially, as the concentration
is decreased, the slope reduces from 1 to α where the slope is determined by surface-charge
regulation. Upon further decreasing the concentration, the slope returns to a value of 1 dictated
by the microchannel and field-focusing resistances. Consider again the work of Smeets et al. [71],
who first observed a change in the slope with the concentration. Their system, which was relatively
short, should have had strong access resistance effects. However, the access resistance slope of
1 was not observed. This can be due to the fact that their channel, composed of silicon nitride,
has a different surface-charge chemistry (i.e., different charging mechanism). Another possibility
lies in the interplay between the nanopore resistance and access resistance. Specifically, the low
concentration domain, where surface-charge effects are important, can be divided into two. At the
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upper end of this region, i.e., intermediate concentrations, one finds that the slope is still determined
by the nanochannel and the regulated surface-charge density such that slope is α. When one goes
down to lower concentrations, the access resistance, which scales with the bulk concentration, is
larger than the nanochannel resistance, where the slope is determined by the access resistance such
that the slope is once more 1—this is the solid purple line in Fig. 8. In reality, when surface-charge
regulation occurs, it can be experimentally difficult to access the very low concentration regime
where the slope is 1 because the region of intermediate concentration is sufficiently large.
In contrast to this paper, the solution of Ref. [67], which accounts for the microchannels, does
not account for the effects of convection and slip. Future works should consider field-focusing
resistances combined with convective effects as well as with hydrodynamic slip.
In this paper, we have focused on systems that have large aspect ratios (L/a  1). However, in
recent years, we have seen the advancement of ion transport systems based on 2D materials whereby
the system’s thickness is of the order of the radius (L/a ∼ 1) or smaller (L/a  1). Future works
should undoubtedly focus on these systems. However, in such systems, the lack of fully developed
profiles will undoubtedly result in more complicated mathematics and physics.
In conclusion, in this paper, we have delineated the interplay of surface-charge regulation,
convection, and slip lengths on the slope of the conductance. The results of this paper can be used
to improve the design stages of electrokinetically based nanofluidics systems.
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APPENDIX A: DERIVATION OF EQ. (2)

Here we will show how to derive Eq. (2) for the case of no convection when the electrolyte is
symmetric and at its two ends are bulk reservoirs. The possible inclusion of the advective term and
its effects are also discussed. This approach can be generalized for nonsymmetric electrolytes. Also,
this derivation is a simplified derivation relative to the derivation that accounts for the effects of the
microchannel (including access and field-focusing resistances).
For an axisymmetric system, when ∂θ = 0, the 2D Poisson equation [Eq. (7)] is given by
∇2ϑ =

(rϑ,r ),r
r

+ ϑ,xx =

−(c+ − c− )
.
2ε2

(A1)

We apply the cross-sectional average [Eq. (34)] to this equation. The radial-dependent term is
(rϑ,r ),r
r

1

=2

(rϑ,r ),r

0

r

1

rdr = 2
0

(rϑ,r ),r dr = 2(rϑ,r )|10 = 2σs .

(A2)

We have utilized the boundary conditions given by Eqs. (21) and (22); we insert this and find that
2σs + ϑ̄,xx =

−(c̄+ − c̄− )
−(c̄+ − c̄− − N )
⇒ ϑ̄,xx =
.
2ε2
2ε2

(A3)

where N = −4σs ε2 is once more as Eq. (35). Once more, we can consider a linear potential drop
ϑ (r, x) = V (1−x/L) [similar to Eq. (14)]. Note that the Laplacian of such a potential is zero. We
find the expected difference between the counterions and coions is precisely the value of the average
excess counterion concentration:
c̄+ − c̄− = N ⇒ c+ = c− + N = c + N.
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Note that the difference between the counterion and coions holds for all concentrations (or all values
of N).
We now consider the Nernst-Planck equations (for the sake of simplifying notations, we drop the
± subscripts for the following two equations):
−∇ · j = ∇ · { jr , jθ , jx } = (r jr ),r + jx,x = 0.

(A5)

Applying cross-sectional average and utilizing Eq. (18) leads to
(r jr ),r + j̄x,x = 0 ⇒ (r jr )|10 + j̄x,x = 0 ⇒ j̄x,x = 0 ⇒ j̄x = const.

(A6)

We find that both of the fluxes are given by constants. We now consider both the positive and
negative species:
− j̄± = c̄±,x ± c± ϑ,x − Peux c± .

(A7)

In general, the average of a multiplication of functions is not equal to the multiplication of the
averages. For the electromigrative term, we note that ϑ,x = −V/L = const so that c± ϑ,x = c̄± ϑ̄,x .
However, this is a degenerate case. In contrast, ux c± = ūx c̄± (discussed thoroughly in Ref. [58]). As
noted in the main text, the model for ux and c± varies substantially from the two limits of N  1
and N  1. A uniform solution for all these functions is not known for all concentrations—this is
related to finding a solution for the Poisson-Boltzmann at all concentrations. Thus, the expression
for ux c± is highly dependent on whether N  1 or N  1. In the following, we will neglect the
effects of convection. We have
− j̄± = c̄±,x ∓ c̄±V/L.

(A8)

We take the difference between these two equations from which we find a relation between the
electrical current density and the voltage drop and insert Eq. (A4):
ī = j̄+ − j̄− = (2c̄ + N )V/L.

(A9)

To find c̄, we utilize the electrochemical potential μ̄± = ln c̄± ± φ̄ and require that this term is
continuous at the edges of the system (x = 0, L). We note that the sum of the positive and negative
electrochemical potentials can be written as μ̄ = ln(c̄+ c̄− ). As noted in the following appendix, in
the reservoirs, we have uniform bulk concentrations (c = 1):
μ̄reservoirs = μnano ⇒ (c̄+ c̄− )nano = 1 ⇒ c̄(c̄ + N ) = 1.
The leads to
N
c̄ = − +
2



N2
+ 1.
4

(A10)

(A11)

Inserting this into Eq. (A9)


ī
1 N2
=
+ 1.
(A12)
G=
V
L 4
Upon redimensionalization, we recover Eq. (2). In this derivation, we have only assumed the
system can be characterized by cross-sectional averages. Notably, we utilize the average of the
excess counterion concentrations, N. We see that this equation can be divided into the two limits of
vanishing (N  1) and high selectivity (N  1)

Gvanishing (N  1) = L −1
.
(A13)
G=
Ghigh (N  1) = 21 NL −1

Classically, it is thought that σs (or N) is spatially constant. Indeed, this must be a spatial constant,
but that does not prohibit σs from being concentration dependent. Thus, this classical approach,
which holds for all concentrations, can also account for space-charge regulation.
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If one were to add advection, the resultant solution would change drastically. However, the
general expression for the advective current is not known for all N, and thus we are limited to
N  1 and N  1. In particular, this paper focuses on N  1, which is by far more relevant to
nanochannels.
Also, as noted above, we have assumed that creservoirs = 1. However, this assumption can also
be alleviated so that we consider the effects of the microchannels. This approach is discussed
thoroughly in Ref. [67].
APPENDIX B: NUMERICAL SIMULATIONS

Equations (6)–(9) are numerically solved using COMSOL in the 2D axisymmetric geometry
specified in Fig. 9. Specifically, the Transport of Diluted Species, Electro-Static, and Creeping Flow
modules are used for a cylinder the nondimensional radius of which is a = 1 and length L = 104 .
We have utilized L/a  1 to ensure that the profiles are fully developed. For the ionic fluxes, we
utilize the no-flux boundary condition (BC) [Eq. (18)] at the wall, a symmetry BC at the center of
the channel [j± (r = 0) · r̂ = 0], and bulk concentrations at the two ends c± (x = 0, L) = 1. For the
electric potential, we use the symmetry and surface-charge conditions given by Eqs. (21) and (22),
respectively. Specifically, for the surface-charge density we have used Eqs. (69)–(71). Additionally,
we have a potential drop of V across the system whereby ϑ (x = 0) = V and ϑ (x = L) = 0. For
fluid flow, we utilized the symmetry and slip boundary conditions given in Eqs. (29) and (30),
respectively. At the two ends of the channel, we used inlet and outlet BCs whereby the normal
stresses were zero, and the pressures were defined as zero. The lack of a pressure difference across
the two ends ensures that the pressure gradient is zero in the fully developed region.
For the convectionless scenario, we used Pe = 0, while for the convection scenario we used the
value given by Eq. (13) and the parameter values given in Table I. The slip length b was varied
from the case of no-slip (b = 0) up to b = 10. In all the various scenarios, to simulate the change in
concentration, we varied the nondimensional EDL [Eq. (11)]. Simulating a three order of magnitude
difference in ε corresponds to six orders of magnitudes in concentrations.
Table II provides the dimensional parameters used for the figures in the main text. Table III
provides a list of important normalization factor.

FIG. 9. Two-dimensional axisymmetric geometry used for numerical simulations. The bottom dashed red
line is the line of symmetry r = 0. The top solid blue line is the cylinder surface located at r = a = 1. The two
vertical black lines are the bulk reservoirs located at x = 0 and x = L.
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TABLE I. Nondimensional parameters used in simulations.
Notation

Value

Radius
Length
Potential drop
Surface charge without SCR σs,0
Exponent of pK and pHa
Surface charge with SCR σs, 1

a
L
V
γ = −(σ̃s,0 /σ̃d )
β = 10 pK−pH∞
(σ̃s, 1 /σ̃d ) = − 21 [γ /(βε2 )]1/2

1
104
1
10
1
− 21 (10/ε2 )1/2

Surface charge with SCR σs, 1
3
Nondimensional EDL
Valency
Relative permittivity
Peclet number

(σ̃s, 1 /σ̃d ) = −[γ /(βε2 )]1/3
3
ε
z
εr
2
/(μ̃D̃)
Pe = ε̃0 εr ϕ̃th

−(10/ε2 )1/3
[10−2 , 10]
1
78
0.4554

2

a

2

This particular value of pK − pH∞ = 0 was chosen for numerical convenience.

TABLE II. Dimensional parameters used for presentation purposes. All units are given in SI units.
Notation
Diffusion coefficient
Nanopore radius
Temperature
Viscosity

D̃
ã
T̃
μ̃

Value
10−9 m2 s−1
10−8 m
298 K
10−3 Pa s

TABLE III. List of important normalization factors.

Thermal potential
Surface charge

Notation

Value

ϕ̃th = ϑ̃th = R̃gT̃ /F̃ z
σ̃d = ε̃0 εr ϕ̃th /ã

25.7 mV
1.8×10−3 C/m2
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