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ABSTRACT

It has recently been suggested that a breakdown of electroneutrality occurs in highly confined nanopores that are encompassed by a dielectric
material. This work elucidates the conditions for this breakdown. We show that the breakdown within the pore results from the response
of the electric field within the dielectric. Namely, we show that this response is highly sensitive to the boundary condition at the dielectric
edge. The standard Neumann boundary condition of no-flux predicts that the breakdown does not occur. However, a Dirichlet boundary
condition for a zero-potential predicts a breakdown. Within this latter scenario, the breakdown exhibits a dependence on the thickness of
the dielectric material. Specifically, infinite thickness dielectrics do not exhibit a breakdown, while dielectrics of finite thickness do exhibit a
breakdown. Numerical simulations confirm theoretical predictions. The breakdown outcomes are discussed with regard to single pore systems
and multiple pore systems.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0070178

I. INTRODUCTION
Ion transport through nanopores is pertinent to numerous
applications (desalination, energy harvesting, and bio-sensing—see
reviews1–5 for references therein). As fabrication methods improve,
the size of the system continues to decrease, and with it comes the
expected failure of continuum mechanics to explain observations at
the single nanometer scale. To date, numerous observations have
yet to be reconciled by continuum mechanics, including single-file
transport and enhanced fluxes,6,7 anomalous change in the dielectric constant,8 the change in the conductance with concentration,9
and more.1
Recently, Levy et al.10 suggested yet another mechanism where
it appeared that continuum mechanics fail. They showed that the
space charge density within a charged nanopore behaved peculiarly. Specifically, they showed that the space charge density
was unable to balance the surface charge density such that electroneutrality was lost at each cross section of the nanopore. This
mechanism is now commonly known as the breakdown of electroneutrality. In addition to the continuum mechanics mechanism,
Levy et al.10 proposed two additional statistical mechanics mechanisms (discussed further below) to rationalize the breakdown and
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further suggested that a new framework is needed to describe such
small systems.
In the past year, since its conception, the electroneutrality
breakdown mechanism has gained widespread attention.1,2,9–26 It is
therefore imperative that the underlying physics of each of these
mechanisms be revealed. However, two comments are extremely
important. First, the three mechanisms suggested by Levy et al.10 are
actually three separate mechanisms that have yet to be unified under
a single theorem or even shown to be related. Second, our focus
is only on one of the three proposed mechanisms: the continuum
mechanics perspective. As we will show, from the perspective of continuum mechanics, the breakdown is not surprising. Rather, continuum mechanics are fully capable of predicting and quantifying the
breakdown.
For completeness, we briefly discuss the two statistical mechanics mechanisms from Levy et al.10 In one of the mechanisms, a free
energy functional is used to calculate an effective mean-field space
charge density that is inserted into the continuum Poisson equation. However, the derived equation cannot be solved analytically
because the local potential depends on the cross-sectional average
of the potential. To solve these equations, additional approximations are needed. The second statistical mechanism is that of a
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one-dimensional (1D) lattice gas model. This model focuses on high
concentrations where it can be expected that the effects of packing are significant (single-file motion). However, the complexity
of this model allows for investigation of this model only through
numerical evaluations, which naturally are very limited. The three
mechanisms suggested by Levy et al.10 are inherently different with
complicated mathematics such that their unification is challenging. At the same time, there remains a knowledge gap as to the
conditions of the breakdown. Here, we will not unify these models, but at the very least, we will elucidate the conditions of the
breakdown.
In this work, we will delineate the conditions for the electroneutrality breakdown using continuum mechanics. Using the standard
approach of the Poisson–Nernst–Planck equations, we derive a simple 1D equation for the electric potential. We solve this equation
for small and large potentials limits (discussed in the following).
More importantly, we test the sensitivity of these equations to two
different boundary conditions (BCs). One boundary condition is
the standard no-flux boundary condition of an insulator, while
the other is the boundary condition of zero-potential suggested by
Levy et al.10 We show that the origin of the breakdown is related
to the choice of the boundary condition and additional material
properties.
Finally, while there is no doubt that continuum mechanics will
fail at small enough length scales, by demonstrating and elucidating
the breakdown of electroneutrality through continuum mechanics,
we demonstrate that at the very least, continuum mechanics do not
fail here. This strengthens continuum mechanics as a tool for the
investigation of small-scale systems.
This paper is structured as follows. In Sec. II, we present the
theoretical model. Specifically, we present the geometry and the governing equations. Thereafter, we reduce the equations to be onedimensional (1D) equations. A discussion regarding the various
boundary conditions ensues while the presentation of the criteria
for the electroneutrality breakdown follows. The solutions to the
governing equations are presented in Secs. III and IV. Each section
represents a different solution under a different approximation—we
will expand upon this in the next paragraph. In Secs. III and IV,
we also investigate the sensitivity of the solutions, and the resultant
breakdown, to the boundary condition at the edge of the dielectric.
Numerical simulations confirm our analytical solutions. Section V
presents a preliminary analysis (via numerical simulations) of the
intermediate scenario between the two extreme cases discussed in
Secs. III and IV. Section VI discusses the outcomes of the previous
sections with a particular emphasis on arrays of nanochannels. We
conclude with a quick summary.
The solutions provided in Secs. III and IV correspond to the
cases of vanishingly and highly selective nanopores, respectively. For
desalination and energy harvesting, channels must be highly selective. As we will show in Sec. IV, this requires that the non-linear
Poisson–Boltzmann (PB) equation be solved. In contrast, Sec. III
considers the much simpler case of the Debye–Hückel (DH) approximation. Unfortunately, this approximation suffers from the fact that
it corresponds to vanishing selectivity (such that the nanochannel
behaves like a microchannel). This is expanded upon in Sec. III C.
While the DH approximation is not the correct physical descriptor of ion transport through nanopores, this approach has multiple
advantages. First, the governing equation is linearized, and it can be
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solved analytically without substantial difficulties. Second, because
of the relative simplicity of the equations and solutions, the mechanism for the breakdown becomes more transparent. Third, Ref. 10
used the DH approximation. Thus, to recapitulate their results and
rationalize their unexplained result, it is necessary to consider their
approach. Finally, by considering multiple scenarios, we demonstrate that the breakdown is a robust phenomenon determined by
the boundary conditions and the properties of the encompassing
dielectric.

II. THEORETICAL MODEL
A. Geometry
The geometry considered in this work is a long cylinder of
length L̃ and radius ãin (Fig. 1). A dielectric material of radius ãout
encompasses the cylinder. Within the pore, there is an electrolyte
with a relative permittivity εin , while the relative permittivity of the
dielectric is εout . The surface of the pore is charged with a negative surface charge density, σ̃ s . In this work, dimensional quantities
are denoted by tildes, while dimensionless quantities are without
tildes.
B. Governing equation
The non-dimensional steady-state convection-less equations
that govern ion transport in a nanopore with a symmetric binary
electrolyte that has equal diffusion coefficients (D̃± = D̃) and opposite valences (z± = ±z) are the Nernst–Planck–Poisson (PNP) equations
− ∇ ⋅ j± = ∇ ⋅ (∇c± ± c± ∇φ) = 0,
(1)
2ε2 ∇2 φin = −ρe = −(c+ − c− ).

(2)

Here, we have used the following normalizations:
r̃ = ãin r, φ̃in = φth φin , c̃± = c± c̃0 , j̃± = j̃0 j± .

(3)

The spatial coordinates are normalized by the inner radius, ãin . The
electric potential, φ, has been normalized by the thermal potential
φ̃th = R̃T̃/F̃z, where R̃ is the universal gas constant, T̃ is the temperature, and F̃ is the Faraday constant. The concentrations, c± , have
been normalized by the bulk concentrations c̃0 . The space charge
density ρe has been normalized by zF̃c̃0 . These normalizations lead
to the non-dimensional Debye length or non-dimensional electric
double layer (EDL),
¿
λ̃D
1 Á
Á
À ε̃0 εin R̃T̃ ,
ε=
=
(4)
ãin ãin
2F̃ 2 z2 c̃0
where ε̃0 is the permittivity of the free space. The normalizations of
Eq. (3) also lead to a natural scale for the fluxes
j̃0 = c̃0 D̃/ãin .

(5)

Within the dielectric, the space charge density is zero. The
governing equation is the non-dimensional Laplace equation
ε̃0 εout φ̃th 2
∇ φout = 0.
ãin 2

(6)
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FIG. 1. A schematic of the nanopore
of radius ain encompassed by a dielectric of radius aout . The length of the
pore is L. The surface charge, located at
r = ain , is negative such that there is a
surplus of positive counterions (denoted
with green spheres) over the negative
coions (denoted with purple spheres).

The normalizations in Eq. (3) are used here as well. Note that,
in practice, the constant ε̃0 εout φ̃th ãin −2 can be omitted. However,
this term has been kept since εout plays an essential role through the
boundary conditions given in the following [Eq. (14)].

a system of partial differential equations into a system of ordinary
differential equations. Combining Eq. (1) with Eq. (7) (assumption
3) leads to Boltzmann distributions for the concentrations27

C. Simplified equations

Inserting Eq. (8) into Eq. (2) leads to the 1D Poisson–Boltzmann
(PB) equation28–30

While the solution of Eq. (6) is relatively straightforward, solutions of Eqs. (1) and (2) are not. This can be associated with the fact
that the PNP equations are non-linear coupled partial differential
equations. As such, simplifying assumptions are needed. We shall
use the following three assumptions:
(1)

(2)
(3)

The ratio of the length over the radius (i.e., the aspect ratio)
is large, L̃/ãin ≫ 1, such that all profiles are “fully developed.”
Thus, the first and second (and any higher-order) derivatives
in the axial direction are negligible. This is justifiable because
the derivative in the axial direction scales as L̃−1 , while the
derivative in the radial direction scales as ã−1
in . The ratio of the
radial derivative to the axial derivative is then O(L̃/ãin ), while
for the second derivatives in the Laplace operator, the ratio is
O((L̃/ãin )2 ). Hence, as the aspect ratio becomes larger, the
approximation, which neglects the axial derivative, becomes
more accurate.
We assume that the profiles are axisymmetric. Thus, derivatives in the azimuthal direction are zero.
At the interface between the pore and the dielectric, r = ain
= 1, there are no fluxes in the normal radial direction, r̂, such
that
j± (r = 1) ⋅ r̂ = 0.

(7)

Assumptions 1 and 2 reduce all the governing equations to be
one-dimensional (1D) equations that depend only on the radial
coordinate, r. Thus, the governing equations are transformed from
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c± = e∓φin .

2ε2
(rφin,r ),r = −(e−φin − eφin ).
r

(8)

(9)

The subscript of a comma denotes a derivative. Note that the 1D
nature of the problem combined with Eq. (7) leads to both the salt
current density (j = j+ + j− ) and electrical current density (i = j+
− j− ) being identically zero. In other words, electrical currents are
not transported from the nanopore into the dielectric. In contrast,
we will shortly see that there can be a flux of the electric field from
one region to the other.
The equation within the dielectric is also vastly simplified,
ε̃0 εout φ̃th 1
(rφout,r ),r = 0,
ãin 2 r

(10)

such that its solution can be found immediately by direct integration,
φout = Aout + Bout ln r.

(11)

The solution to the PB equation [Eq. (9)] is given in Secs. III
and IV under various approximations. Several additional comments
are warranted.
Observe that Eq. (10) is independent of any natural length scale,
such as ε. As such, its solution [Eq. (11)] is also explicitly ε independent. In contrast, Eq. (9) explicitly depends on the EDL, ε. It
is then unsurprising that the solution will also be explicitly dependent on ε. As we will show, the solution within the pore will always
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depend on r/ε. This results in the creation of a “boundary layer”
(whose length scale is the EDL) within the pore. However, there is
no “boundary layer” within the dielectric and no dependency on the
ratio r/ε.
As previously mentioned, one of the purposes of this work is
to explain the electroneutrality breakdown first observed in Ref. 10.
Therefore, our comparison must be of the same equations. This
is indeed the case, save three differences. First, the solutions from
Ref. 10 included a dependency on the axial coordinate. Under
the assumption of large aspect ratios, L/ain ≫ 1, neglecting the
axial coordinate dependency transforms their 2D formulation to
our 1D formulation. Their numerical simulations use a value of
L/ain = 20 ≫ 1. Thus, our approach is consistent with their simulations. Second, in their theoretical formulation, Ref. 10 assumed that
aout → ∞. Here, we have alleviated that assumption, and consider
the general case that aout can take any value. Our analysis also
considers the specific limit of aout → ∞. Third, Ref. 10 was limited
to the DH approximation. We consider this scenario (Sec. III) but
go beyond it to a more fitting scenario (Sec. IV).
D. Boundary conditions
Equations (9) and (10) are subject to the following boundary
conditions (BCs). At the center of the channel, we require symmetry
of the electric potential
φin,r (r = 0) = 0.

(12)

At the interface of the pore and the dielectric, we require two BCs
φin (r = 1) − φout (r = 1) = 0,

(13)

φin,r (r = 1) − εr φout,r (r = 1) = σs ,

(14)

εr = εout /εin

(15)

where
is the ratio of the dielectric constants of the outer and inner regions.
The surface charge has been normalized by (i.e., σ̃ s = σs σ̃ d )
σ̃ d = ε̃0 εin φ̃th /ãin .

(16)

Equation (13) is the requirement for continuity of the electric potential at the interface. Equation (14) is that the normal electric displacement fields, which depend on the dielectric constants in each region,
have a discontinuity due to the surface charge.31 These are three of
the four required BCs to solve these equations. In the remainder, we
will use all three, whereby the fourth BC will be varied.
The final BC that needs to be set is the BC at the outer edge of
the dielectric (r = aout ). This BC is of utmost importance and lies at
the heart of this work. We will demonstrate that this BC determines
whether or not the breakdown of electroneutrality occurs.
The two primary candidates are (1) a Dirichlet BC on the potential itself or (2) a Neuman BC on the derivative of the potential.
Mathematically, either the Dirichlet or the Neuman can be used for
any BC problem. A mixed BC, the Robin BC, is also allowed. However, as we will demonstrate, any BC other than the no-flux BC will
result in a breakdown of electroneutrality.
It is unsurprising to state that any solution is sensitive to the
chosen BC or its initial conditions. Consider, for example, initial
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condition problems. It is known that by choosing the “correct” initial
conditions, one can determine whether or not exponentially increasing modes are triggered (i.e., stability).32 This is equally valid for
BC problems where the BCs determine both the eigenfunctions and
eigenvalues. To demonstrate this, we consider Eq. (11). If Bout = 0,
then, the logarithmic term is canceled such that the solution is given
by the constant φout = Aout . However, if Bout ≠ 0, then the potential
is radially dependent φout (r). The differences between what happens
when Bout ≡ 0 and Bout ≠ 0 lies at the heart of this work.
Mathematics aside, physical considerations dictate the BCs.
The more “standard” of these two is the Neuman BC. Of particular
importance is the no-flux BC (i.e., the insulating BC)
φout,r (r = aout ) = 0.

(17)

The no-flux BC implies that the electric field does not penetrate
outside of the dielectric (i.e., insulator). Equation (17) results in
Bout ≡ 0. In the following, we will expand upon why this is the more
“standard” BC (Secs. III C and VI).
In their work on the breakdown, Ref. 10 suggested a Dirichlet
BC of zero-potential
φout (r = aout ) = 0.

(18)

This zero-potential boundary can be imagined as a thin conducting/metallic shell that encompasses the dielectric and holds a given
potential. Specifically, here, the potential has been grounded. Generally, this will result in Bout ≠ 0 such that there is a non-zero electric
field within the dielectric.
E. Electroneutrality breakdown
Before proceeding with the derivations of the various approximations, we define the criteria for the electroneutrality breakdown.
Reference 10 defined the local breakdown of electroneutrality to
occur when the cross section integration of the space charge, ρ̃e , did
not counterbalance the perimeter integration of the surface charge
(2πãin σ̃ s ). This surface charge can be transformed into an average
counterion concentration of oppositely charged ions multiplied by
the cross-sectional area (−πã2in c̃avg F̃z),
c̃avg = −

2πãin σ̃ s
.
πã2in F̃z

(19)

Normalizing c̃avg by c̃0 yields the non-dimensional excess counterion
concentration induced by the surface charge density,
Qext = cavg = −4πσs ε2 .

(20)

The total space charge, per cross section, is the area integral of the
space charge density,
1

Qin = 2π∫ ρe (r)rdr.

(21)

0

Hence, the non-dimensional form of the criteria for the electroneutrality breakdown is
1

Qin
1
=−
ρe (r)rdr.
Qext
2σs ε2 ∫

(22)

0
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III. DEBYE–HÜCKEL APPROXIMATION
The Debye–Hückel (DH) approximation assumes that the electric potential is small (φin ≪ 1) such that the governing equations
can be linearized. This allows for a straightforward analysis. This
linearization reduces the 1D PB equation [Eq. (9)] to
ε2 r−1 (rφin,r ),r = φin .

(23)

Here, the space charge density is
ρe = −2φin .

(24)

The solution to Eq. (23) along with Eq. (12) is given by the modified
Bessel functions of the first kind of order 0,27,33
r
φin = Ain I0 ( ),
ε

(25)

with the argument r/ε. In addition, from Eqs. (22), (24), and (25)
one finds that
Qin
I1 (ε−1 )
=
Ain .
Qext
εσs

(26)
the zero-potential condition [Eq. (18)]. Here, the solution is

This ratio will be unity only if
Ain =

FIG. 2. A log10 –log10 plot of the ratio Qin /Qext for the two scenarios of noflux and zero-potential under the Debye–Hückel approximation for the parameter
set σs = −10−4 , εr = 1, aout = 2. Increasing ε corresponds to the decreasing
concentration c̃0 .

εσs
.
I1 (ε−1 )

(29)

D = εεr I0 (ε−1 ) + I1 (ε−1 ) ln aout .

(30)

φDH,out

We will shortly show that the no-flux BC will satisfy this criterion.
In the following, we divide our discussion into three subsections. In Sec. III A, we discuss the case of no-flux where we will
show there is no breakdown. In Sec. III B, we discuss the case of
zero-potential and show that the breakdown occurs. In Sec. III C,
we discuss whether the DH approximation is a valid descriptor for
nanofluidics.

where
In contrast to the no-flux solution [Eq. (28)], Eq. (29) depends on
dielectric properties aout and εr . As a result, the breakdown criterion depends on these parameters. Inserting Ain from Eq. (29) into
Eq. (26) yields

A. No-flux

Qin
εεr I0 (ε−1 )
)
= (1 +
) .
Qext zero−potential
ln aout I1 (ε−1 )
−1

(

For the case of no-flux [Eq. (17)], the solution is
φDH,in =

εσs
r
I0 ( ),
D
ε
r
−1 εσs
= −I0 (ε )
ln(
),
D
aout

φDH,in = (ln aout )

(27)

εσs
I0 (rε−1 ),
I1 (ε−1 )

φDH,out =

εσs
I0 (ε−1 ).
I1 (ε−1 )

(28)

Observe that Ain in Eq. (28) is equal to the expression given in
Eq. (27). Here, we see that electroneutrality is conserved, and a
breakdown does not occur, [(Qin /Qext )no− flux ≡ 1]. The blue line
and square markers in Fig. 2 compare our theoretical prediction
for the electroneutrality breakdown condition to those calculated by
numerical simulations (see the Appendix for more details regarding
numerical simulations). The excellent correspondence confirms our
theoretical predictions. Finally, note that Eq. (28) is independent of
the dielectric properties aout and εr .
B. Zero-potential
We now demonstrate that electroneutrality breakdowns under
the DH approximation when the no-flux condition is replaced with
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(31)

In general, it can be observed that this expression is not unity,
and the breakdown is inevitable. The red line and circle markers
in Fig. 2 compare our theoretical prediction for the electroneutrality breakdown condition to numerical simulations. The striking
correspondence confirms the theoretical models’ predictions.
For the particular case that the dielectric thickness is infinite
(aout → ∞), Eq. (31) reduces to unity, and the breakdown does not
occur. This is a somewhat degenerate case, and yet, it is of importance. First, it shows that under a particular condition, the effects of
the outer BC are negligible. Second, from a practical point of view, it
also helps to better explain the results of Ref. 10, who were the first
to show the breakdown in their Fig. 2(c). In their 2D work, Ref. 10
theoretically modeled an infinitely thick dielectric. In contrast, their
numerical simulations were for a finite aout . As a result, within their
suggested framework, their theoretical model could not explain their
numerical results. Additionally, in contrast to our work here, which
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is 1D, Ref. 10 considered a 2D geometry. However, in their simulations, Ref. 10 used a value L/ain = 20 ≫ 1 such that their system is
essentially 1D, which corresponds to our assumption of a fully developed system. Thus, here we have shown that the 1D DH approximation, combined with a finite dielectric thickness, can rationalize
the observed breakdown of Ref. 10. Moreover, we have shown here
that the breakdown in electroneutrality is associated with the particular choice of the boundary condition. Notably, while the no-flux
BC ensures electroneutrality is conserved, the zero-potential BC all
but ensures the breakdown of electroneutrality.
Thus far, we have treated both BCs on equal grounds, and
indeed, the most appropriate BC depends on the problem itself.
Nonetheless, we wish to show that there is a preference for the noflux boundary condition. Since the breakdown should be independent of the coordinate system, one can consider transport between
two flat plates (i.e., Cartesian coordinate system) sandwiched by
a dielectric of finite thickness—this is the microchannel setup. It
is perhaps not surprising that, even though this setup has been
highly investigated in recent decades, a breakdown has yet to be
reported. The standard textbook34,35 approach is to derive the equivalent Cartesian solution of Eq. (28) using the no-flux BC. The
solution is independent of the dielectric properties in these derivations [as is Eq. (28)], and a breakdown is not observed. If one
were to adopt the zero-potential BC, then the breakdown would
appear. Thus, the zero-potential approach does not align with
paradigm.
C. The validity of the Debye–Hückel approximation
in nanofluidics
Section III utilizes the DH approximation to simplify the governing equation from the non-linear PB to a linear equation. However, the question that remains to be addressed is whether or not that
assumption is valid for nanofluidic systems used for water desalination and energy harvesting. Both applications require that Qext =
cavg = −4πσs ε2 ≫ 1 (i.e., the surface charge density and/or EDL overlap are sufficiently large to break the symmetry of the counterion and
the coions).30,36 We can now consider whether this occurs under the
DH approximation.
Equations (28) and (29) show that φDH,in ∼ εσs . Under the DH
approximation, we have assumed that φin ≪ 1 such that εσs ≪ 1.
This is already in contradiction to Qext ≫ 1. To demonstrate this,
we can consider two scenarios whereby either σs or ε are small and
the other at the very least finite.
● Consider finite ε [ε ∼ O(1)] with an infinitesimally small
σs . While overlap of the EDL would possibly exist, a virtually zero surface charge would all but ensure that the ionselectivity property, which originates with σs , is vanishingly
small.
● Consider finite σs [σs ∼ O(1)] with small EDLs. The ε ≪ 1
scenario corresponds to the case where the system’s radius is
substantially larger than the Debye length. Here, the system
is characterized by bulk properties and is almost independent of surface charge effects—for example, c± ≈ 1 ∓ O(εσ).
Both scenarios describe microfluidic systems that are almost the
exact opposite of nanofluidic-based systems. In the much smaller
system, ε ≫ 1 is required along with, at least, σs ∼ O(1). This endows
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nanochannels and nanopores the highly desired permselective property. Thus, the DH approximation is not relevant for nanofluidics
systems, and yet, it is very educational. In Sec. IV, we will consider
ε ≫ 1. We will show that the effects of the boundary conditions are
the same as in this section (the no-flux BC ensures electroneutrality
is conserved, and the zero-potential BC ensures the breakdown of
electroneutrality).
IV. HIGHLY OVERLAPPING EDLs
For sufficiently low enough concentrations, the EDL extends
across the entire pore such that ε ≫ 1. Due to the surface charge
density, which is assumed to be finite [σs ∼ O(1)], and EDL overlap,
coions are expelled from the channel. Schnitzer and Yariv37 suggest
a solution of the form
φin = −2 ln ε + ϕin .

(32)

Substituting Eq. (32) into Eq. (9) leads to an equation independent
of ε,
2r−1 (rϕin,r ),r = −e−ϕin .
(33)
The space charge density is given by
ρe = e−ϕin .

(34)

Here, the coion’s contribution to the space charge density has been
neglected. This is because the ratio between the negative coions and
the positive counterions is
c− e−2 ln ε+ϕin
= 2 ln ε−ϕ ∼ O(ε−4 ).
in
c+
e

(35)

Since ε ≫ 1, then the coion concentration is indeed, negligible.
While Eq. (23) represents the limit of the PB equation at low (vanishing) selectivity, Eq. (33) represents the limit of the PB equation at
high-selectivity.
Solution of Eq. (33) subject to Eq. (12) [or ϕin,r (r = 0) = 0]
yields
ϕin = ln[

(Bin r2 − 1)2
(Bin r2 − 1)2
], φin = ln[
].
16Bin
16Bin ε2

(36)

The unknowns (Bin , Aout , Bout ) will be determined by the remaining
BCs. However, we can already derive the criteria for the electroneutrality breakdown. The space charge density for highly selective
channels is
16Bin ε2
ρe = e−φin =
(37)
(Bin r2 − 1)2
such that the total space charge is [Eq. (21)]
Qin =

16πBin ε2
,
1 − Bin

(38)

which yields [combined with Eq. (20)]
Qin
4Bin
=
.
Qext σs (Bin − 1)

(39)
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Substituting Eq. (36) and φout,r (r = 1) = Bout into Eq. (14) yields

Observe that this ratio is unity (i.e., no breakdown) if
Bin =

σs
.
σs − 4

scitation.org/journal/jcp

(40)

4Bin
− εr Bout = σs .
Bin − 1

(45)

A. No-flux boundary condition
We consider two scenarios that involve the no-flux BC. First, it
is often the case that the dielectric effects are assumed to be negligible, and the dielectric is ignored—this approach is the equivalent
to the previously mentioned approach adopted in textbooks.34,35 As
we will shortly show, this is self-consistent for the dielectric with
no-flux. Neglecting the dielectric leads to a simplified version of
Eq. (14), where the surface charge density is imposed at the pore
surface,
φin,r (r = 1) = σs .
(41)

Requiring continuity of the electric potential [Eqs. (11), (13), and
(36)] yields
Aout = ln[

(Bin − 1)2
].
16Bin ε2

(46)

Applying Eq. (41) to Eq. (36) yields Eq. (40) such that the electric
potential is given by27
φin = ln{

[4 + (r2 − 1)σs ]2
}.
16σs (σs − 4)ε2

(42)

The second scenario is when the dielectric is accounted for; we
use the BCs defined in Eqs. (14)–(17). Equations (11) and (17) yield
Bout = 0 such that that solution (42) is recovered. The potential in
the dielectric is the potential at the pore’s surface that is given by the
constant
φout = Aout = φin (r = 1) = − ln[σs (σs − 4)ε2 ].

(43)

In both scenarios (no dielectric or with a dielectric) along with the
no-flux BC, we find that Bin = σs /(σs − 4) [Eq. (40)] from which it
is immediate to see that Eq. (39) yields Qin /Qext ≡ 1, and the breakdown does not occur. The electric potential and Qin /Qext are given
by the blue line and square markers in Figs. 3 and 4, respectively.
The correspondence between theory and numerical simulations is
striking, which confirms the predictions of the scenario with a noflux BC. Here and in the following zero-potential scenario, we will
show that the potential predicted by theoretical analysis matches
that by numerical simulations of the non-approximated PB equation. The excellent correspondence is an indication that the coion
contribution is indeed negligible.
The solution of no-flux represented by Eq. (42) was recently
investigated in our previous work.27 There, we also derived expressions for the behavior of the Ohmic conductance as a function
of the concentration. We demonstrated that our model recapitulated several models that have previously been compared to experiments. These models have shown that the conductance could have
slopes anywhere from 038 to 13 38,39 to 12 .29,38 While this does not
directly verify that electroneutrality is conserved, it does so indirectly through the excellent correspondence of these models with
experiments.

FIG. 3. A plot of the ratio of the electric potential vs the radial coordinate, φ(r). For
presentation purposes, we have presented only some of the simulation points. The
simulation parameters are σs = −10, εr = 1, aout = 2, ε = 10, and Bin = 0.202.

B. Zero-potential boundary condition
The zero-potential BC [Eq. (18)] combined with Eq. (11) yields
Bout = −

Aout
.
ln aout

J. Chem. Phys. 155, 184701 (2021); doi: 10.1063/5.0070178
Published under an exclusive license by AIP Publishing

(44)

FIG. 4. A log10 –log10 plot of the ratio Qin /Qext for the two scenarios of no-flux and
zero-potential for the same parameter set in Fig. 3.
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FIG. 5. The electroneutrality criteria Qin /Qext vs the EDL, ε, and surface charge, σs , for various values of aout and εr .

Inserting Eqs. (46) and (44) into Eq. (45) yields an equation for Bin ,
4Bin
εr
(Bin − 1)2
+
ln[
] = σs .
Bin − 1 ln aout
16Bin ε2

(47)

Once more, it becomes evident that except for the degenerate case
that aout → ∞, Eq. (47) does not reduce to Eq. (40) such that electroneutrality is conserved. Thus, once more, for any finite thickness
dielectric, the breakdown is inevitable.
While an analytical solution for Bin is not possible, Bin is easily
evaluated numerically for a given parameter set (σs , εr , aout , ε) such
that Bin can be considered to be known. This allows for Qin /Qext
to be evaluated numerically. The red lines and circle markers show
the theoretical predictions and the numerical simulation, respectively, for the electric potential in Fig. 3 and Qin /Qext in Fig. 4.
Once more, the correspondence is remarkable. It can be observed
that the correspondence in Fig. 4 holds all the way to small ε and
not just by the stipulated ε ≫ 1. This is because the approximation for highly selective pores [Eq. (32)] holds as long as the term
Qext = −4πσs ε2 ≫ 1.27,36
Figure 5 shows how Qin /Qext varies with the (σs , εr , aout , ε)
phase space. Figures 5(a)–5(c) consider aout = 2, while
Figs. 5(d)–5(f) consider a thicker dielectric aout = 20. For a
given dielectric constant, εr , as aout increases so does Qin /Qext . This
can be expected because at the limit aout → ∞, Qin /Qext should
approach unity and become independent of the thickness. For a
constant thickness aout , Qin /Qext increases as εr decreases. This can
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also be expected because the dielectric is insulating the electric-field
flux from the nanopore.
V. INTERMEDIATE EDL OVERLAP
In this work, we have derived analytical expressions for ε ≪ 1
or ε ≫ 1. The case of ε ∼ 1 is not as tractable as the two extreme
cases of ε ≪ 1 and ε ≫ 1, and a simple solution is still not known.
As such, numerical simulations using continuum mechanics (as in
this work) or molecular dynamics simulations20,25,47–50 are needed.
In this work, we have only considered the breakdown based on
continuum mechanics. Yet, molecular dynamic simulations can
elucidate the conditions for the breakdown as predicted by two
statistical mechanics mechanisms in the original work.10
While an exact analytical solution for the case ε ∼ 1 is not possible, it is instructive to investigate this scenario with numerical
simulations. In the following, we use numerical simulations (see
the Appendix) to conduct a parametric scan of Qin /Qext variations
for an intermediate value of ε = 1 for the case of a zero-potential
boundary condition. We do not do this for the zero-flux boundary
condition. We have shown above that in this situation, Bout = 0, and
this results in a zero electric field. This result is entirely consistent
with Gauss’s theorem that the total flux through a control volume
is proportional to the electric charge. Since the flux is zero, the total
electric charge is zero, and vice versa, such that electroneutrality is
conserved.
Figure 6 presents the electroneutrality criteria Qin /Qext vs the
surface charge density for the particular and intermediate value of
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FIG. 6. The electroneutrality criteria Qin /Qext vs the surface charge density, σs , for an EDL of ε = 1 for (a) aout = 2 and (b) aout = 20 for various values of εr . For ε ≪ 1,
Qin /Qext is given by Eq. (31), while for ε ≫ 1, it is given by Eqs. (39) and (47).

ε = 1 for two different radii and three different dielectric constants.
In the numerical simulations, the surface charge density was varied
over five orders of magnitudes. Of particular importance are the
two limits of Qext ≪ −4πσs ε2 and Qext ≫ −4πσs ε2 , which are the
proxies for permselectivity. At low surface charge density, when Qext
≪ −4πσs ε2 , the ratio Qin /Qext is described well by the ε ≪ 1 solution
[Eq. (31)] where it can be observed that the solution is indeed σs
independent. At high surface charge density, when Qext ≫ −4πσs ε2 ,
the ratio Qin /Qext is described well by the ε ≫ 1 solution [Eqs. (39)
and (47)], where it can be observed that the solution depends on
σs . It can be further observed that the trends discussed in this work,
thus far, continue to hold: as aout is increased, so does Qin /Qext ; as
εr decreases, the flux into the dielectric decreases such that Qin /Qext
increases.
VI. DISCUSSION AND CONCLUSIONS
This work elucidates the conditions the breakdown of electroneutrality in a charged nanopore might occur. To that end, the
electric potential distributions for the nanopore and encompassing
dielectric material are derived under two different approximations:
the Debye–Hückel approximation (the micropore limit, Sec. III)
and the highly overlapping EDL approximation (the nanopore limit,
Sec. IV). For each approximation, we derive two different solutions for two different BCs: no-flux and zero-potential. Our theoretical predictions, supported by numerical simulations, demonstrate that a breakdown occurs only for the case of a zero-potential
BC, while the no-flux BC conserves electroneutrality. The reason
for this is surprisingly simple. In the no-flux scenario, the electric field in the dielectric is zero such that there is no electricfield flux from the nanopore into the dielectric. One consequence
is that the electric potential in the nanopore does not depend on
the dielectric parameters. In contrast, in the zero-potential scenario, the electric field within the dielectric is typically not zero.
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The requirement of Eq. (14) leads to a dependency of the electric
potential in the nanopore on the dielectric properties. This, in turn,
also leads to a dependency of Qin /Qext on the dielectric properties
such that, in general, this ratio is not unity, and the breakdown
occurs.
Another result of this work is related to the importance
of the dielectric thickness. Previous theoretical analysis assumed
that aout → ∞. Here, we have considered the general case that
aout can take any value between ain to infinity. For the no-flux
scenario, the thickness of the dielectric is unimportant. However, the zero-potential scenario can be divided into two: infinite and finite thicknesses. In the case of an infinite thickness, the breakdown does not occur. While for the case of
a finite thickness, the breakdown is inevitable. Thus, we have
shown that the conditions for the breakdown are related to
the BC at the edge of the dielectric and the thickness of the
dielectric.
The implications of these findings are of particular importance
to multiple pore systems that serve as tractable models for largerscale membranes.40–46 It has recently been suggested11 that multipore systems exhibit a breakdown of electroneutrality—similar to
the one exhibited in this work. Our analysis can be extended to these
multiple pore systems.
The simplest tractable model for a membrane is the array of
“unit-cells” shown in Fig. 7(a). The “unit-cell” in Fig. 7(b) includes
the microchambers as well as the nanopore. In the following discussion, we primarily focus on the cylindrical pore encompassed
by a rectangular cuboid. This differs from the cylindrical dielectric
used thus far in this work, yet the underlying principles remained
unchanged. For a unit-cell with large aspect ratios, the fully developed 1D model discussed in this work is recovered within the
nanopore. “Unit-cells” are characterized by a lack of flux exchange
between two or more neighboring cells. Thus, the boundaries of
the “unit-cells” behave like solid walls or planes of symmetry.
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FIG. 7. (a) Schematic of a nanochannel array comprised of numerous “unit-cells” (i.e., multiple pore system). (b) A close-up of the “unit-cell.” The dielectric material in (b) is
denoted by the light gray region, while in (a), the dielectric has been removed for presentation purposes.

Either of these conditions translates to the mathematical equivalent of a no-flux BC (a thorough analysis of microchannel effects
is discussed elsewhere40–43 ). This holds for the dielectric materials
and microchannels—they cannot exchange any flux between each
other—else the “unit-cell” model breaks down. Thus, the no-flux BC
should be used when modeling a “unit-cell” out of an array. For
example, observe that in the zero-potential scenario in Fig. 3, the
electric field at r = aaout is not zero (i.e., the electric flux density is
not zero). In contrast, the no-flux scenario satisfies no-flux. Thus, in
any multiple pore system, special care needs to be taken in specifying
the BC.
In this work, we have shown that continuum mechanics models are fully capable of predicting the breakdown of electroneutrality.
The findings of this work are immensely important for the continued investigation of ion transport through nanopores whose size are
ever-decreasing.
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APPENDIX: NUMERICAL SIMULATIONS
Numerical simulations of Eqs. (9) and (10) were conducted
in Comsol using the electrostatics module in a 1D axisymmetric
domain. Two domains were defined in the regions r ∈ [0, 1] and
r ∈ [1, aout ]. For the sake of simplicity, we used a dielectric ratio
εr = 1.
The symmetry BC [Eqs. (12)] is the default BC at r = 0 in
axisymmetric domains. Comsol ensures continuity of the potential
at the interface r = 1 [Eq. (13)]. We insert a surface charge at r = 1,
which results in a discontinuity of the displacement fields [Eq. (14)].
At r = aout , we considered both scenarios of no-flux [Eq. (17)] and
zero-potential [Eq. (18)].
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