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Current paradigm suggests that the Ohmic electrical response of nanochannel-microchannel systems
is determined solely by the nanochannel while the eﬀects of the adjacent microchannels are negligible.
However, recent works have challenged this paradigm and have shown that at low concentrations the
microchannels contribute in a non-negligible manner. As such, the two favored models used to explain
experiments are inadequate in describing realistic nanochannel-microchannel systems. To partially reconcile some of these issues, two newer nanochannel-microchannel models were derived and suggested as
a suitable replacement for the nanochannel-dominant models. Unfortunately, these two models are limited to either very low or very high concentrations. In this work, we review these four leading models.
We discuss their key assumptions, advantages, shortcomings, and present a knowledge gap between all
models pertaining to the eﬀects of the microchannel resistance for all concentrations. To overcome this
gap, we derive an analytical solution that accounts for the eﬀects of the microchannels and holds for all
concentrations. This solution uniﬁes three of the existing models where we show that they are limiting
cases of our more general solution. We are also able to disqualify the fourth model. Our derived solution
shows remarkable correspondence to simulations and experiments. The insights from this unifying model
can be used to improve the design of any nanoﬂuidic based systems.
DOI: 10.1103/PhysRevApplied.14.014075

I. INTRODUCTION
It has long been thought that the conductance of
nanochannel systems (Fig. 1) behaves in a peculiar, yet
rather simple-to-understand manner [1,2]. At high concentrations, the conductance, σ̃ (tildes denote dimensional
quantities), increases linearly with increasing bulk concentration, c̃0 (i.e., σ̃ ∼ c̃0 ), while at low concentration
the resistance saturates to a constant value (σ̃ ∼ const)
determined by the surface charge of the nanochannel
itself [dashed red line in Fig. 2(a)]. This behavior has
been reported in numerous works [1–46] and reviews
[17,47,48].
Two decades ago, with the observation [1,2] of the
“saturation-to-linear-increase” behavior, two remarkably
simple models were suggested [15,16,21,24,48]. Inherent
to these models is the assumption that the overall conductance of a nanochannel-microchannel system (Fig. 1)
is determined solely by the nanochannel resistance. Since
both models are remarkably simple and intuitive, they have
not been challenged nor scrutinized, and as such are still in
use [14,33,34,36,38–42,44–46,49].
There is a growing body of evidence [50–54] that challenges this well-accepted “saturation-to-linear-increase”
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paradigm. Namely, it has been observed that at low concentrations, the conductance does not saturate but rather
has a linear (σ̃ ∼ c̃0 ) scaling [solid blue line in Fig. 2(a)].
In contrast to the previous “saturation-to-linear-increase”
paradigm, which neglected the eﬀects of the microchannels, the recent approach emphasizes the importance of
the microchannels and shows that the σ̃ ∼ c̃0 scaling
originates due to microchannel eﬀects.
Since the Ohmic response lays at the heart of any nanoﬂuidic based application (electrodialysis [55–59], energy
harvesting [3,34–38,51,60–62], ﬂuid-based electrical
diodes [4,51,63–67], DNA biosensors [68–75], biomaterial
modeling [33], and modeling basic physiological phenomena [76]) that span all nanoporous material (grapheneoxide-based membranes [5,14,25–27,40,77], carbon nanotubes [20,78,79], silicon nanochannels and nanopores
[6,39,46,52,80,81], conducting hydrogels [33], colloidbased membranes [7,8,41], mesoporous silica ﬁlms [28],
exfoliated layers of a clay mineral [29], Naﬁon [82], cellulose nanoﬁber membrane from wood [30,42], Ti3 C2
MXene membranes [9,35,36], MXene/Kevlar membranes
[34], single-layer MoS2 nanopores [18], AMX-Sb anion
exchange membranes [83–85], and more [38,43,44]), it is
crucial to revisit the nanochannel conductance “saturationto-linear-increase” paradigm suggested two decades ago
and reconcile the apparent inconsistency between the
original “saturation-to-linear-increase” paradigm to the
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FIG. 1. (a) 3D schematic representation of a nanochannelmicrochannel system with two electrodes at the ends connected
to a power source. The interfaces of the microchannels and
nanochannel are marked by blue and correspond to the ﬁeldfocusing resistors, R̃FF , described below. (b) In the enlargement
of the permselective nanochannel cross section it can be observed
that there is a surplus of positive ions (green spheres) relative to the negative ions (purple spheres). This is due to the
negative surface charge. (c) Equivalent electrical circuit of the
nanochannel-microchannel system. The red permselective region
schematically describes the behavior of ions in any material that
exhibits permselectivity such that the electrical circuit model
holds for any system that exhibits permselectivity.

more recent understandings of the “linear-increase-tosaturation-to-linear-increase” paradigm.
On the one hand, there is abundant evidence supporting the older paradigm (see all of the above-mentioned
works, notably recent works [14,33,34,36,38–42,44–46,
49]). As with any well-established paradigm it is diﬃcult
to question and/or challenge it. Yet, on the other hand, the
newer paradigm suggested by theory [50,51] has been conﬁrmed by numerical simulations [50,53] and experiments
[52,54]. As such, a resolution between these two
approaches is needed. This resolution is the main
ﬁnding of this work. We demonstrate that the older
“saturation-to-linear-increase” paradigm is but a limiting
scenario of the more general “linear-increase-to-saturationto-linear-increase” paradigm. Thus, the theoretical ﬁndings

FIG. 2. Log-log plot of the (a) total electrical conductance, σ̃ ,
and (b) total electrical resistance, R̃, versus the concentration.
The conductance and resistance are related by σ̃ = R̃−1 . Both ﬁgures plot the nanochannel-dominated system, R̃nano , and a system
accounting for both the nanochannel and the various microchan
Rmicro . The black dashed lines here and
nel resistances, R̃nano + 
elsewhere denote a slope of either 1 or −1.

suggested in this work are not in contradiction to past
ﬁndings but rather they supplement them.
In this work, we address the following questions. (1)
Which of the previously mentioned two nanochanneldominant models is the correct one and why? (2) Why
do both models fail at lower concentrations when the
eﬀects of the microchannels are non-negligible? (3)
Can the diﬀerent models (nanochannel-dominant and
nanochannel-microchannel models) be reconciled? And if
so, how? To answer these questions, we ﬁrst present the
four leading models: two “saturation-to-linear-increase”
models that ignore the eﬀects of the microchannels
and two “linear-increase-to-saturation-to-linear-increase”
models that account for the eﬀects of the microchannels. We discuss the key underlying assumptions of each
model, as well as their advantages, and their shortcomings
and limitations. We show that there is a knowledge gap
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between all these models. Thereafter, we derive an analytical solution that bridges this gap by unifying three of the
models and disqualifying the other leading nanochanneldominant model. This unifying model, which is described
by two simple equations, explains why the “saturation-tolinear-increase” paradigm fails at lower concentration but
also uniﬁes it with the “linear-increase-to-saturation-tolinear-increase” paradigm. We believe that the ﬁndings of
this work will substantially improve the design of nanoﬂuidic based applications, many of which are pressing to
society.
The paper is divided as follows. Section II presents and
discusses the four leading models. In Sec. III we derive our
unifying solution. In Sec. IV we discuss the key ﬁndings of
this work. Finally, in Sec. V we conclude with a few short
remarks.
II. LEADING MODELS
In this section we present and discuss the leading models. But before that, to better understand the transition from
a linear dependence on the concentration to a saturation,
one needs to discuss how a property termed permselectivity changes with the concentration. Permselectivity is
the ability of nanochannels to ﬁlter out ions of a particular
charge (positive or negative) [17,63,86]. It is controlled by
the degree of the Debye length overlap of two surfaces as
well as the excess counterion concentration in the channel,
Ñ (which is related to the surface charge, an exact expression relating these quantities is given below) [67,87–89].
The degree to which a system is permselective is characterized by the transport number (described below) [90]
and ranges from two extreme cases: ideal permselectivity
[low concentrations – N = Ñ /c̃0  1 (quantities without
tildes are dimensionless)] and vanishing permselectivity
(high concentrations – N  1).
How much a system needs to be permselective (or not
at all) depends on the desired applications. Regardless of
application, both ideal and vanishing permselective systems share a common feature: at small currents and for
all concentrations, the current-voltage (Ĩ - Ṽ) response is
linear. For ideal permselectivity and larger currents, the
response is no longer linear [50–52,55–57,87–93]. Herein,
we focus only on the linear Ohmic resistance.
In the literature it is common to discuss the behavior
of the electrical conductance of the system, denoted by
σ̃ = Ĩ /Ṽ. In this work we almost solely discuss the electrical resistance, which is reciprocal to the conductance (R̃ =
σ̃ −1 = Ṽ/Ĩ ). The advantages of the resistance approach
becomes apparent shortly. Figure 2 depicts the behavior
of both the conductance and resistance. In the resistance
approach the “saturation-to-linear-increase” conductance
paradigm is replaced with a “saturation-to-linear-decrease”
resistance paradigm and the “linear-increase-to-saturationto-linear-increase” conductance paradigm is replaced with

a “linear-decrease-to-saturation-to-linear-decrease” resistance paradigm.
A. One-layer system—superposition model
Perhaps the most popularly used model is the one we
denote as the “superposition model.” This model was suggested by Schoch et al. [15–17] and since then has been
adopted by many [3–14,31–34,36,38–42,44–47,49]. It has
been further extended to account for additional phenomena
[18,19,54]. This model is based on two key assumptions:
(1) the overall response of the system is solely determined
by the nanochannel. (2) The total conductance is a superposition of two diﬀerent states described in the paragraph
below.
It is known that the electrical current passing through
the nanochannel depends on the geometry and the local
conductivity, κ̃. This conductance, where only the bulk
concentration varies, is commonly termed bulk conductance, σ̃bulk , and is deﬁned by σ̃bulk = 2κ̃ h̃w̃/d̃ where d̃, h̃,
and w̃ are the length, height, and width of the nanochannel, respectively (Fig. 1). It was suggested that the total
conductance is further increased by the contribution of
the current transported due to the surface charge, σ̃s , or
excess counterion concentration Ñ = −2σ̃s /F̃ h̃, where F̃
is the Faraday constant. This contribution is termed surface conductance and is given by σ̃surface = κ̃ Ñ h̃w̃/(c̃0 d̃).
It is assumed that the total conductance of the nanochannel
is simply a superposition of these two states
R̃−1
1,super

= σ̃1,super = σ̃bulk + σ̃surface

h̃w̃



Ñ
=
2+
c̃0
ρ̃res d̃


,
(1)

where ρ̃res is the local resistivity and is given by ρ̃res =
˜ T̃/F̃ 2 D̃c̃0 . Here, 
˜ is the universal gas constant,
κ̃ −1 = 
T̃ is the absolute temperature, and D̃ is the diﬀusion coefﬁcient. The subscript for the resistance, here and below,
is comprised of two components, number and name. The
number denotes the number of layers within the system
(e.g., in this case it is one layer, only the nanochannel)
and the name denotes the model (for brevity, we use the
shortened subscript super to denote superposition).
Advantages. The form of Eq. (1) suggests that these
two contributions describe two resistors connected in parallel implying that there are two separate routes for current
transport. More importantly, regardless of the intuitive
physical interpretation provided, the model is conceptually
easy to understand and Eq. (1) is simple to implement.
Shortcomings. Perhaps the greatest advantage of the
superposition approach is also its greatest disadvantage—it
is intuitive and relies on the assumption that if both limits
of high and low concentrations hold then a superposition of these states holds for all concentrations. However,
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careful inspection and comparison of R̃1,super with onedimensional (1D) simulations (Fig. 3) shows that the correspondence at the intermediate value of Ñ ∼ c̃0 , where
the superposition assumption is the intended resolution, is
not good. This unfortunate shortcoming is unique to this
model, compared to the other models discussed below:
these other models can be rigorously derived from the
Poisson-Nernst-Planck equations, while for this model
[Eq. (1)] there is no known derivation. Rather R̃1,super rests
on empirical reasoning, namely, that the superposition of
the bulk and surface conduction states is allowable. In fact,
it can be shown that these two states are the solutions of the
two extreme cases of ideal and vanishing permselectivity.
However, the governing equations at these two extremities
are diﬀerent [50]. Yet, using the superposition approach
requires that the governing equations be the same. As such,
our results suggest that the superposition approach requires
re-examination.
B. One-layer system—Donnan equilibrium
This model also assumes that the overall response is
determined solely by the nanochannel. However, here it
is assumed that the nanochannel is in Donnan equilibrium
with its environment. This resistance is given by [20,21,48]
R̃1,Donnan =

ρ̃res d̃
h̃w̃

√

1
4 + N2

,

(2)

and once more N = Ñ /c̃0 is the nondimensional excess
counterion concentration.
Advantages. Figure 3 demonstrates that Eq. (2) has perfect correspondence to the 1D simulations for the entire
range of c̃0 . This is unsurprising, as this model can

be analytically derived from the Poisson-Nernst-Planck
equations.
Shortcomings. In deriving this solution, it is assumed
that the electrodes are placed exactly at the nanochannel interfaces, such that the microchannel length is zero,
L̃ = 0, and that the adjoining microchannel-resistance contribution is negligible. Hence, when L̃ = 0, this model
and the superposition model are incapable of describing
the observed additional increase of the resistance with
decreasing concentration [1D simulations of nanochannelmicrochannels—see Fig. 2 of Ref. [52], two-dimensional
(2D) simulations—Fig. 4, and three-dimensional (3D)
experiments—Fig. 5].
C. Three-layer system—ideal and vanishing
permselectivity
Similar to the above model, this model also satisﬁes
the Donnan equilibrium of the nanochannel. However,
here this equilibrium is not with the bulk environments
but rather with the microchannels such that the resistance
contributions of the adjoining microchannels are explicitly accounted for [50–52]. In contrast to the two previous
models that hold for all concentrations, these models are
limited to the two extreme cases corresponding to ideal
permselectivity (N  1) and vanishing permselectivity
(N  1). The expressions for the resistances are [50–52]

R̃3,vanishing = 12 (R̃nano + 
Rmicro ),

(3)


R̃3,ideal = R̄˜ nano + 
Rmicro ,

(4)

where
R̃nano =

100

ρ̃res d̃
h̃w̃

,

R̃nano
R̄˜ nano =
,
N



Rmicro = 2(R̃micro + R̃FF ),
10–2

R̃FF =

10–4
10–3

10–1

101

103

FIG. 3. Log-log plot of the resistance, R̃, versus concentration,
c̃0 , of a 1D one-layered system (L̃ = 0, i.e., no microchannels).
Simulation data taken from Ref. [52] and simulation parameters
are given in the Appendix.

2ρ̃res f˜
L̃

.

R̃micro =

(5)
ρ̃res L̃
H̃ W̃

,
(6)

Here L̃, H̃ , and W̃ are the length, height, and width of
the microchannels, respectively (Fig. 1). The resistance

attributed to the microchannel regions, 
Rmicro [Eq. (6)],
is comprised of two contributions [50–52]: (1) a resistance
attributed to the rectangular geometry of the system, R̃micro ,
which has a similar scaling to the nanochannel resistance,
R̃nano , i.e., it is proportional to the length divided by the
cross-section area; (2) a resistance attributed to the focusing of ﬁeld lines from the larger microchannels into the
smaller nanochannel, R̃FF (the expression for f˜ is given
below). Here, for the sake of simplicity, we consider the
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FIG. 4. Log-log plot of the resistance, R̃, versus concentration, c̃0 , of a three-layered (two microchannels connected by a
nanochannel) 2D system. Simulation data taken from Ref. [50].
Simulation parameters are given in the Appendix.

(Fig. 5). Finally, these models provide a very clear and simple physical picture and interpretation—the total resistance
of the system is that of a series of resistances [Fig. 1(c)]. In
the resistance formulation the removal or addition of one
component or resistor is intuitive or straightforward, which
is yet another added beneﬁt of the resistance formulation.
D. Limitations
Thus far we present four leading models: two models that hold for all concentrations but assume that the
eﬀects of the microchannels are negligible (R̃1,super and
10 10

R˜ [ Ω ]

case where the microchannels are identical. This need not
be the case [50,51]. In the derivation of the unifying resistance (Sec. III) a more general expression, accounting
for geometric asymmetries, is given. Two important comments should be made. First, the transition of R̃3,vanishing
to R̃3,ideal with decreasing concentration is attributed to
the variation of the counterion transport number, τ . The
transport number, deﬁned as the ratio of the ﬂux of the
counterions to the total current density, is a major transport characteristic of a permselective system. For an ideal
binary system, only counterions are transported through
the nanochannel, such that their transport number equals
unity (τN 1 = 1) and the nanochannel resistance, R̄˜ nano ,
depends on Ñ yet is independent of c̃0 . For a nonideal system, the counterion transport number lies between one-half
and unity, τ ∈ [ 12 , 1]. At the other extreme of vanishing
permselectivity (N  1), the transport number equals onehalf (τN 1 = 12 ) and the nanochannel resistance, R̃nano ,
depends inversely on c̃0 yet is independent of Ñ .

Second, we note that for the case that 
Rmicro = 0 (i.e.,
when the eﬀects of the microchannels are negligible) the
expressions for R̄˜ nano and R̃nano [Eq. (5)] are the limiting expressions of R̃1,Donnan [Eq. (2)] for low and high

concentrations, respectively. For 
Rmicro = 0 two requirements need to be satisﬁed separately: (1) the microchannel
resistance is negligible, R̃micro = 0. This occurs when the
cross-section area is much larger than the length of this
systems—for example, a nanochannel that is not connected
to small microchannels but rather connected to very large
or semi-inﬁnite bulk regions. (2) The eﬀects of ﬁeld
focusing are negligible, R̃FF ∼ f˜ ∼ 0. This resistance is
attributed to the focusing of ﬁeld lines from the microchannels to the permselective material. While this resistance
depends on the ratio of the nanochannel to microchannels, it is also dependent on the heights and widths of the
nanochannels and microchannels. Hence for macroscopically large systems where the heights and widths are large
(such as the various membranes discussed above), the ratio
of R̃FF to R̄˜ nano is negligible.
Shortcomings. Each model is limited to either
N  1 or N  1. As can be expected, the solution in the
N ∼ 1 region, where the two models intercept (2D simulations—Fig. 4, and 3D experiments—Fig. 5), is only
approximate.
Advantages. First, the derivation of the exact solution
from the Poisson-Nernst-Planck equations for the two
extreme cases, ideal and vanishing permselectivity, is relatively simple and straightforward [50–52]. Second, while
in this work we only consider the Ohmic response, the
solution for ideal permselectivity also holds for the limiting current, Ĩlim , regime where the Ĩ - Ṽ response is no
longer linear [51,67,80]. Third, and perhaps the greatest
advantage, these models have excellent correspondence
with 2D simulations (Fig. 4) and 3D experiments [52]
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˜
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˜
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FIG. 5. Log-log plot of the resistance, R̃, versus concentration,
c̃0 , of 3D experiments of a three-layered system for four diﬀerent
nanochannels of decreasing width (w̃1 > w̃2 > w̃3 > w̃4 ). Experimental data is taken from Ref. [52]. Additional geometric details
are given in the Appendix.
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a positive applied potential, V > 0, results in a positive
electrical current, I > 0, is deﬁned as region 1. Region
1 is deﬁned in x ∈ [0, 1 ], y ∈ [0, H1 ], z ∈ 12 [−W1 , W1 ].
Region 2 is the permselective region and is deﬁned in x ∈
[1 , 2 ], y ∈ [0, h], z ∈ 12 [−w, w]. The rightmost region
is denoted by region 3 and is deﬁned in x ∈ [2 , 3 ],
y ∈ [0, H3 ], z ∈ 12 [−W3 , W3 ]. Also, we note that the x axis
runs along the center of both the microchannels and the
nanochannel for y = 0, z = 0.

FIG. 6. 3D schematic plot of the general case of a
microchannel-nanochannel system, where the microchannels
(region 1 and region 3) are not symmetric. The remaining details
are similar to those given in Fig. 1. The red x̂ axis line runs along
the center of the microchannels and nanochannel (region 2) when
y = 0, z = 0.

R̃1,Donnan ) and two models that account for the eﬀects of
the microchannels but are limited in concentration range
(R̃3,ideal and R̃3,vanishing ). Table I provides a summary of
these models. In the next section we present the derivation
of our model, R̃unifying , that uniﬁes three of these models
(R̃1,Donnan , R̃3,ideal , and R̃3,vanishing ). The summary of R̃unifying
is given here as well.
III. SOLUTION DERIVATION
A. Model geometry
The geometry of the problem is deﬁned in Fig. 6 where
we consider the more general case in which the microchannels are not necessarily symmetric. In contrast to Fig. 1,
the electrodes have been removed to allow for the simple
visualization of the origin on the left. We use the following
notations to denote lengths within the system
1 = L1 , 2 = 1 + d, 3 = 2 + L3 .

(7)

Similar to Fig. 1, we do use the same deﬁnition for
positive and negative voltages. The leftmost region where

TABLE I.

R̃1,super
R̃1,Donnan
R̃3,ideal
R̃3,vanishing
R̃unifying

B. Governing equations
The nondimensional equations governing steady-state
ion transport through permselective medium for a symmetric and binary electrolyte (z± = ±1, D̃± = D̃) are the
Poisson-Nernst-Planck (PNP) equations
∇ · (∇c+ + c+ ∇φ) = −∇ · j+ = 0,

(8)

∇ · (∇c− − c− ∇φ) = −∇ · j− = 0,

(9)

2ε2 ∇ 2 φ = −ρe = −(c+ − c− − N δ2,k ).

(10)

Equations (8) and (9) are the Nernst-Planck equations satisfying continuity of ionic ﬂuxes for the cation and anion
concentrations c+ and c− , respectively. The current densities are given accordingly by j± . Equation (10) is the
Poisson equation for the electric potential φ. The inhomogeneous term of Eq. (10) is the space-charge density,
where δ2k is Kronecker’s delta, k = 1, 2, 3 denote each
region, and N > 0 is the ﬁxed volumetric charge density
accounting for the (negative) surface charge within the
permselective region. The variables in Eqs. (8)–(10) are
normalized by the following quantities (once more, tildes
denote dimensional quantities)
c̃± = c± c̃0 , Ñ = N c̃0 , φ̃ = φ φ̃th , x̃ = xL̃, j̃ = jD̃c̃0 L̃−1 ,
(11)

Summary of assumptions, advantages, and limitations of all models.

Derivablea

Geometryb

Concentrationc

Currentd

Sim/Expt.e

No
Yes
Yes
Yes
Yes

L̃ = 0
L̃ = 0
None
None
None

All c̃0
All c̃0
Ñ  c̃0
Ñ  c̃0
All c̃0

Ĩ  Ĩlim
Ĩ  Ĩlim
Ĩlim
Ĩ  Ĩlim
Ĩ  Ĩlim

No
Yes
Yes
Yes
Yes

a

Model can be derived from Poisson-Nernst-Planck equations.
Geometric limitations.
c
Concentration range limitations.
d
Current range limitations (Ohmic response, Ĩ  Ĩlim ; limiting current, Ĩlim ).
e
Good correspondences with simulations and/or experiments.
b
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where c̃0 is the bulk concentration, D̃ is the diﬀusion coefﬁcient, and L̃ is a characteristic length, which can be any
of the lengths within the system (see Ref. [50]). The ther˜ T̃/F̃, where ,
˜ T̃,
mal electric potential is given by φ̃th = 
and F̃ are, respectively, the universal gas constant, absolute
temperature, and Faraday constant. Equation (11) naturally
leads to the normalized Debye length
ε=

λ̃D
L̃


,

λ̃D =

˜ T̃
ε̃0 εr 
2F̃ 2 c̃0

,

(12)

where ε̃0 and εr are the permittivity of vacuum and the
relative permittivity of the electrolyte, respectively.
Henceforth, we use the assumption of local electroneutrality (LEN) in the system whereby ε → 0 such that
ε2 ∇ 2 φ  1. This results in ρe = 0 in all three regions. In
regions 1 and 3 we obtain
c+ = c− = c1,3 ,

(13)

while in region 2, we obtain
c2,− = c2 ,

c2,+ = c2 + N .

(14)

In Sec. III C we present the solution in the microchannels
(regions 1 and 3), and in Sec. III D we derive the solution
in the nanochannel (region 2).

C. Solution for regions 1 and 3
Adding and subtracting Eqs. (8) and (9) yields, upon
using the LEN condition, Eq. (13) (and dropping the 1,3
subscripts)
∇ 2 c = − 12 ∇ · j = 0,

(15)

∇ · (c∇φ) = − 12 ∇ · i = 0,

(16)

j = j+ + j− , i = j+ − j− ,

(17)

where

are the salt current densities and electrical current densities, respectively. In contrast to j, which has been normalized by D̃c̃0 L̃−1 , i has been normalized by F̃ D̃c̃0 L̃−1 .
For the sake of brevity, we provide here the ﬁnal solution for c1 , c3 , φ1 , φ3 and refer the interested readers to
the following works. The derivation of the 3D concentration and electric potential distributions for the case of

i = j = j+ (and j− = 0) can be found in Refs. [50,94].
In contrast to Refs. [50,94], which primarily considered

ideal permselective medium (j− = 0), Ref. [90] considered the more general case, as considered here, where
j− = 0. Combining the approaches of Refs. [50,94] with
Ref. [90] yields the following distributions for c1 (x, y, z)
and c3 (x, y, z):

∞

sin[λn (1) h]sin[γm (1) w/2]
J
4J
c1 (x, y, z) = 1 −
x−
cos[λn (1) y] cos[γm (1) z] sinh[κn,m (1) x]
2W1 H1
whW1 H1 n,m=1 κn,m (1) λn (1) γm (1) cosh[κn,m (1) L1 ]

−

∞

J
sin[λn (1) h]
cos[λn (1) y] sinh[λn (1) x]
hW1 H1 n=1 [λn (1) ]2 cosh[λn (1) L1 ]

∞
sin[γm (1) w/2]
2J 
−
cos[γm (1) z]sinh[γm (1) x],
wW1 H1 m=1 [γm (1) ]2 cosh[γm (1) L1 ]

c3 (x, y, z) = 1 +

(18)

∞

sin[λn (3) h]sin[γm (3) w/2]
J
4J
(3 − x) +
2W3 H3
whW3 H3 n,m=1 κn,m (3) λn (3) γm (3) cosh[κn,m (3) L3 ]

× cos[λn (3) y]cos[γm (3) z] sinh[κn,m (3) (3 − x)]
+

∞

sinλn (3) h
J
cos[λn (3) y]sinh[λn (3) (3 − x)]
hW3 H3 n=1 [λn (3) ]2 coshλn (3) L3

+

∞
sin[γm (3) w/2]
2J 
cos[γm (3) z] sinh[γm (3) (3 − x)],
wW3 H3 m=1 [γm (3) ]2 cosh[γm (3) L3 ]
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where the eigenvalues are deﬁned by
λn

(k)

πn
2π m
=
, γm (k) =
,
Hk
Wk

2
(k)
κnm = [λn (k) ] + [γm (k) ]2 ,

D. Region 2 solution and I - J relation

k = 1, 3,
(20)

Due to the requirement that the channels walls are
impermeable for ions (j± · n = 0) [50,51,67] and under the
assumption that the channels are long such that the currents
are “fully developed” as in traditional pipe ﬂows, the governing equations can be reduced to 1D (in the x axis). Thus,
after taking the sum and diﬀerence of Eqs. (8) and (9) along
with Eq. (14), the governing equations in region 2 become

the current densities and the currents are related by
I = i · hw, J = j · hw,

(2c2 + N )φ,x = −i,

(25)

where (),x denotes the x derivative. Isolating φ,x yields
(22)
2c2,x −

In 3D, J is normalized by D̃c̃0 L̃ while I is normalized by
F̃ D̃c̃0 L̃. In 2D, J is normalized by D̃c̃0 while I is normalized by F̃ D̃c̃0 . In the remainder of this work, for the sake
of brevity and based on notational convenience, we use
both currents (I , J ) and current densities (i, j ). These are
trivially related by Eq. (21).
It should be noted that the solution given by Eqs.
(18)–(20) is diﬀerent than those given in previous works.
Here we consider the case that regions 1 and 3 are
deﬁned in y ∈ [0, Hk ], z ∈ 12 [−Wk , Wk ] (as well as x1 =
x ∈ [0, 1 ] and x3 = x ∈ [2 , 3 ]) and the permselective
interface is deﬁned in y ∈ [0, h], z ∈ 12 [−w, w]. Previous
3D works [50,94] considered half cells where the regions
were deﬁned in y ∈ [0, Hk ], z ∈ [0, Wk ] (with similar x1
and x3 ) and the permselective interface was in y ∈ [0, h],
z ∈ [0, w] while 2D works [51,67,90,96] considered the
simpler case where the region was deﬁned in x ∈ [0, Lk ],
y ∈ [0, Hk ] and the permselective region in y ∈ [0, h]. As
a result, the coeﬃcients of the third and ﬁfth terms of Eqs.
(18) and (19) and the eigenvalues γm (k) of Eq. (20) are
modiﬁed relative to those presented in Refs. [50,94]. They
are multiplied by an additional factor of 2.
In the remainder of this derivation, all that is needed
is the concentration distributions at the two permselective
interfaces x = 1 , 2 [Eq. (7)] denoted by
J L1
− J f1 (L1 ),
c̄1 = c1 (1 , 0, 0) = 1 −
2W1 H1
J L3
c̄3 = c3 (2 , 0, 0) = 1 +
+ J f3 (L3 ).
2W3 H3

(24)

(21)

and the electric potential distributions are [50,51,67,90,95]
I
I
φ1 = ln c1 + V, φ3 = ln c3 .
J
J

2c2,x + N φ,x = −j ,

Ni
= −j ,
2c2 + N

(26)

which can be rewritten as
2(2c2 + N ) dc2
= 1.
Ni − j (2c2 + N ) dx

Integration of Eq. (27) over the segment x ∈ [1 , 2 ]
yields

iN
c2 +
log[(i − j )N − 2c2 j ]
2j

c̄23

=−

c̄21

The expressions for the fk (Lk ), also termed ﬁeld-focusing
resistors, are deﬁned from Eqs. (18) and (19), and their
behavior has been investigated in previous works [50–
52,67,80,94,96]. Throughout, we denote the concentration
at the permselective interfaces with an overbar.

jd
,
2

(28)

where c̄23 = c2 (2 , 0, 0) and c̄21 = c2 (1 , 0, 0) are currently unknown. However, c̄21 and c̄23 can be related to
c̄1 and c̄3 [Eq. (23)] via the electrochemical potentials
μ± = ln c± ± φ,

(29)

by requiring that both positive and negative electrochemical potentials are continuous at the two permselective
interfaces (x = 1 , 2 ). It is advantageous to take the sum
of both (μ = μ+ + μ− ), as this can be translated to requiring continuity of μ = ln c+ c− at both interfaces. Then,
using Eqs. (14), (23), and (29) yields
c̄2k (c̄2k + N ) = c̄2k=1,3 ,

(23)

(27)

(30)

which can be solved for the interfacial concentrations
within region 2
c̄21 = −

N
+
2

N2
+ c̄21 ,
4

c̄23 = −

N
+
2

N2
+ c̄23 .
4
(31)

Note that using μ = ln c+ c− thus far is equivalent to using
only one boundary condition. The other is used shortly
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in the derivation of the current-voltage relations [see Eq.
(36)].
Inserting Eq. (31) into Eq. (28), yields the following i - j
(or I - J ) relation

⎞
⎛
2 + 4c̄2
iN
−
j
N
iN ⎝
3
⎠

ln
2j
2
2
iN − j N + 4c̄
1

=

N2
+ c̄21 −
4

N2
jd
+ c̄23 − .
4
2

(32)

As pointed out by Ref. [90], solution of this equation
for general values of i - j requires numerical evaluation.
However, we soon show that this equation can be solved
analytically for the case of small currents, I  1.
E. Current-voltage relation
Before considering the limiting case, I  1, we ﬁrst
derive the current-voltage (I - V) response of the general
case. The potential diﬀerence across the system, φ, is
equal to minus the potential drop across the system, −V.
These are both just a sum of potential diﬀerences in each
region and the Donnan potential diﬀerences at the two
interfaces (x = 1 , 2 )
−V = φ = φ1 + φ2 + φ3 + φdon,1 + φdon,2 .
(33)
Using Eq. (22) yields the potential drops in regions 1 and 3
φ1 = φ1 (x = δ1 ) − φ1 (x = 0) = (i/j )ln c̄1 ,
φ3 = φ3 (x = δ3 ) − φ3 (x = δ2 ) = −(i/j )ln c̄3 .

numerical evaluation while for the extreme cases of ideal
(N  1) and vanishing (N  1) permselectivity we have
exact analytical solutions with simple expressions for
the concentration, electrical potential and I - V relation
[50,51].
F. Small current (I  1) approximation
To derive the small current approximation (I  1),
we leverage the deﬁnition of the transport number [and
Eq. (17)]

1
(j + j− ) + 12 (j+ − j− )
1
j+
2 +
=
=
1+
τ=
j+ − j−
j+ − j−
2


1
J
=
1+
.
2
I

τ=

1
2

+ τ .

j
J
= = 2τ .
i
I

(39)

(40)

Inserting Eq. (40) in Eq. (32) transforms the I - J relation
into a I - τ relation. Then, we take the Taylor expansion of
this I - τ relation [Eq. (32)] for the case of small current,
I  1. This yields to leading order an equation for τ (or
τ ) whose solution is
 

Rmicro −1
2
τ = N 2 4 + N + 4
,
Rnano

φ2 = φ2 (x = δ2 ) − φ2 (x = δ1 ) = −N −1 (jd + 2c̄23 − 2c̄21 ). where
(35)

Given a known geometry and known excess N counterion concentration, solution of Eqs. (32) and (37) requires

(38)

Both τ and τ are convenient notations and, for the sake
of brevity, both are used in this work. Herein, we use

Integrating Eq. (24) yields the potential drop in region 2

Thus, substituting Eqs. (34)–(36) into (33) yields the I - V
relation




i
c̄23 + N
c̄1
−V = φ =
+ 1 ln + ln
j
c̄3
c̄21 + N
jd + 2c̄23 − 2c̄21
−
.
(37)
N



Alternatively, we write this as

(34)

Using the continuity of the positive electrochemical potential [Eq. (29)] yields the Donnan potential




c̄1
c̄23 + N
φdon,1 = ln
, φdon,2 = ln
.
c̄21 + N
c̄3
(36)

j
i

Rnano =

d
,
hw

(41)

(42)

Rmicro = Rmicro,1 + Rmicro,3 + RFF,1 + RFF,2 + RFF,3 ,
(43)

Rmicro,k =

Lk
,
Hk Wk

RFF,k = 2fk .

(44)

(45)

for k = 1, 3. Equation (42) is the nondimensional resistance attributed to the nanochannel without the eﬀects of
the surface charge [dimensional resistance, R̃nano , given in
Eq. (5)]. The notation Rmicro refers to all the resistances
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attributed to regions 1 and 3. This resistance, Rmicro ,
attributed to the microchannels has two terms. The ﬁrst
term is the ratio of the length to the cross-section area
and is the simple microchannel resistance [Eq. (44)]. The
second term relates how ﬁeld lines focus in from a large
geometry into the small permselective region [Eq. (45)].
Equation (43) is the nondimensional version of the dimen
sional 
Rmicro in Eq. (6).
It indeed is easy to observe that τ ranges from 0
to 12 (such that τ ∈ [0, 12 ]) as N increases from 0 to
inﬁnity such that J (N → 0) → 0 and J (N → ∞) → I as
expected for the vanishing and ideal permselective case,
respectively. Similarly, τ takes values between 12 to 1 (such
that τ ∈ [ 12 , 1]). That τ (or τ ) can be expressed solely
as a function of the geometry and N is one of the main
ﬁndings of this work. Our expression for τ also provides
a conceptual correction to Ref. [90], which did not include
the eﬀects of ﬁeld focusing in their expressions for τ [their
Eqs. (61) and (62)]. Also, our ﬁnal expression has a simpler
and more intuitive form than theirs.
Equations (39)–(41) determines the I - J (or I - τ ) relation in an explicit manner. As such the concentration and
electrical potential distributions in regions 1 and 3 [Eqs.
(18)–(22)] are explicitly known for the Ohmic response
such that numerical evaluation is not required.
G. Ohmic resistance
Taking the Taylor approximation of the general I - V
relation [Eq. (37)] for the case of small current, I  1, and
inserting Eqs. (40) and (41) yields
V = (2τ − 1)I R̄nano +



1
2



+ (τ − 12 ) 4N −2 + 1 I Rmicro
(46)

where
R̄nano = Rnano /N ,

(47)

is the nondimensional nanochannel resistance that accounts
for the eﬀects of the surface charge and is related to the
dimensional resistance given in Eq. (5). From Eq. (46), the
Ohmic resistance of the system is
V
Runifying = R = = (2τ − 1)R̄nano
I



+ 12 1 + (2τ − 1) 4N −2 + 1 Rmicro . (48)
Equation (48), combined with Eq. (41), are the main
ﬁndings of this work and provide an expression for the
resistance for any value of N.
Inserting the various normalization parameters given
throughout into Eqs. (41) and (48) yield the dimensional

formulations of these equations (with N = Ñ /c̃0 )
⎛ 
τ=

Ñ 2

⎞−1

 Rmicro ⎠

1 Ñ ⎝
2 4+ 2 +4
+
2 c̃0
c̃0
R̃nano

,

(49)

R̃unifying = (2τ − 1)R̄˜ nano
⎤
⎡

c̃20
1⎣

+
+ 1⎦
Rmicro .
1 + (2τ − 1) 4
2
Ñ 2
(50)
It should be noted that the normalization for f˜ changes
from 3D to 2D similar to how the current normalization
changes [see paragraph below Eq. (21)]. In 3D, the total
microchannel resistance (for symmetric channels) is


f˜
L̃


Rmicro = 2ρ̃res
+
.
(51)
H̃ W̃ L̃
While in a 2D problem, this resistance is given by


L̃


Rmicro = 2ρ̃res
+ f˜ .
H̃

(52)

This diﬀerence in normalizations is discussed thoroughly
in Refs. [50,51].
IV. DISCUSSION—UNIFYING SOLUTION
Here we discuss the advantages and shortcomings of
the newly derived analytical model, R̃unifying [Eqs. (49)
and (50)], for the Ohmic response of a 3D system, which
holds for all values of Ñ and c̃0 , and accounts for the eﬀects
of the microchannels. Thereafter, we demonstrate how this
model can be extended to cylindrical nanopore geometries.
Shortcomings. Albeit a conceptual complication, there
are no shortcomings.
Equations (3) and (4) suggest that in the limiting cases of
vanishing and ideal permselectivity, the response could be
described by a simple electrical circuit. This is not apparent upon substitution of Eq. (49) into Eq. (50) whereby
the resultant expression is complicated and depends non
linearly on 
Rmicro and R̃nano . To circumvent this issue, we
suggest not to view the ﬁnal result as a single equation,
which is perhaps an oversimpliﬁcation. Consider that, in
Eqs. (3) and (4), the transport number is enforced a priori as a hidden assumption. The resistances in Eqs. (3)
and (4) are entirely determined on this number. Thus, if
Eqs. (3) or (4) were to be presented in a detailed manner, then each of their according transport numbers needs
to be presented separately such that each model requires
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two equations separately (i.e., R̃3,ideal and τ3,ideal = 1, and
R̃3,vanishing and τ3,vanishing = 12 ). Hence, the resolution is to
view R̃unifying and τ as two separate variables, and, in this
manner, the analysis is indeed as simple as the previous
models. Accordingly, Eq. (50) can be treated as a series
of weighted resistors that are connected together, whereby
the weight is determined by the transport number [Eq.
(49)]. Thus, the only apparent shortcoming has been circumvented and we are left to conclude that this model does
not have any apparent shortcomings.
Advantages. This model provides analytical expressions
for the two most essential properties of a permselective
system, the Ohmic resistance [Eq. (50)] and the transport
number [Eq. (49)], that depends on the entire geometry,
and hold for all values of Ñ and c̃0 . Remarkably, the
expressions for the transport number and the Ohmic resistance are a simple function of two nondimensional ratios:

N = Ñ /c̃0 and 
Rmicro /R̃nano . The correspondence of Eq.
(50) for all values of c̃0 and geometries in 1D-2D simulations (Figs. 3 and 4) and 3D experiments (Fig. 5) is
outstanding. Also, we show below that Eq. (50) reduces
to Eqs. (2)–(4) at each of the appropriate limits. Hence
R̃unifying is a master solution that uniﬁes three models. In
addition to numerical simulations, our theoretical modeling provides additional credibility to R̃1,Donnan over R̃1,super
(Fig. 3).
Reproducing leading models. Using the normalizations
provided throughout this work, we show that the nondimensional R̃unifying reproduces the nondimensional form of
the other models presented in Sec. II.
One-layer system—Donnan equilibrium. For the case
of the one-layer system, i.e., there are no microchannels
(Rmicro = 0), Eq. (48) reduces to
Runifying (Rmicro = 0) = R1,Donnan

1
d
=
. (53)
√
hw 4 + N 2

This is the nondimensional form of Eq. (2).
Three-layer system—Ideal permselectivity. For the ideal
permselective case (N  1 and τ = 1), the square bracket
in Eq. (48) goes to unity as N → ∞ and τ = 1 [or τ =
0.5 – Eq. (41)] such that Eq. (48) reduces to the known
limit [50–52]
Runifying (N → ∞) = R3,ideal = R̄nano + Rmicro .

(54)

This is the nondimensional form of Eq. (4).
Three-layer system —Vanishing permselectivity. For the
case of vanishing permselectivity, we take N → 0. We
take the Taylor series expansion of Eq. (41) in terms of
N, which leads to
τN 1 =

N
.
4[1 + Rmicro /Rnano ]

(55)

Inserting this into Eq. (48) yields the known solution [50–
52,96]
Runifying (N → 0) = R3,vanishing = 12 (Rnano + Rmicro ).
(56)
As expected, a factor ½ appears. This is due to the fact that
the electric current is transported by two charge carriers,
which reduces the resistance accordingly (i.e., τ3,vanishing ∼
=
1/2). Equation (56) is the nondimensional form of
Eq. (3).
Nanopores. The derived unifying model can also be
extended to systems with cylindrical nanopores. The resistance of the nanochannel is derived under the assumption
of a 1D proﬁle (see Sec. III D). Due to this 1D behavior,
the total resistance is divided by a factor h̃w̃, which is the
cross-section area of the channel while the current and current density are related by Ĩ = ĩ · h̃w̃ [Eq. (21)]. However,
since the derivation is 1D, the multiplication by the area
is not limited to a rectangular nanochannel and also cylindrical nanopore, of radius ãnano , can be considered such
that the nanopore resistance and total current need to be
modiﬁed such that
R̃nano =

ρ̃res d̃
,
π ã2nano

R̃nano
R̄˜ nano =
,
N

Ĩ = ĩ · π ã2nano .

(57)

(58)

Naturally, if the microchannels are also cylindrical then
these resistances also require some modiﬁcation
R̃micro =

ρ̃res L̃
.
π ã2micro

(59)

However, the ﬁeld-focusing resistances now take on a
complicated form that depends on various Bessel functions [97]. In the extreme limit that ãnano /ãmicro  1,
which is the case of most nanopore systems, these can be
approximated by the classical access resistance [54,81,98]
R̃FF =

ρ̃res
.
4ãnano

(60)

Importantly, the form of Eq. (6) [and/or Eq. (43)] remains


Rmicro = 2(R̃micro + R̃FF ).

(61)

Then, Eqs. (57)–(61) can be inserted into Eqs. (49)
and (50). Since the form of these equations remains
unchanged then the “linear-decrease-to-saturation-tolinear-decrease” resistance paradigm, shown in Fig. 2(b),
continues to hold. The sole diﬀerence is that the critical
concentration where we see the additional increase of the
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resistance (Fig. 2) is pushed down to lower concentrations.
This can be attributed to the total resistance being proportional to ã2nano whereas for the rectangular geometry it is
proportional to h̃w̃. In the latter situation, only h̃ is considered small, while here ã2nano is much smaller. Also, in
contrast to large membranes, it is important to realize that
for nanopores where ãnano /ãmicro  1 it can be expected
that R̃FF is never going to be negligible relative to the
nanopore resistance at low concentrations.
Finally we note the following three comments. First,
in this work we suggest a shift from the conductance
paradigm to the resistance paradigm. Our reason for this
is simple. When the eﬀects of the nanochannels cannot
be neglected, and generally they should not, then the
resistance formulation provides a more intuitive physical
description of a simple electrical circuit [Fig. 1(c)]. Second, throughout this work, for brevity, we refer to the
permselective region as the nanochannel. However, the
“nanochannel” can be replaced with any nanoporous material that exhibits permselectivity (as detailed above in the
Introduction and demonstrated for the case of a nanopore)
and the results still hold. Third, for the sake of simplicity, we consider here symmetric and binary electrolytes
(z± = ±1) with equal ionic diﬀusivities (D̃± = D̃), e.g.,
KCl, yet our approach, with some additional mathematical
complexity, can be extended to any electrolyte. Hence, the
ﬁndings of this work are not limited to this chosen electrolyte or nanochannels. Rather the results of this work are
robust.
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APPENDIX: SIMULATION AND EXPERIMENTAL
PARAMETERS
A. Simulation parameters
Table II provides the parameters used in the 1D and
2D simulations shown in Figs. 3 and 4, respectively. See
Refs. [50,52] for more details regarding simulations.
TABLE II.

Simulation parameters.
1D
2D
simulations simulations

Microchannel length
Nanochannel length
Excess counterion
concentration
Microchannel height
Nanochannel height
Relative permittivity
Temperature
Diﬀusion coeﬃcient

L̃[μm]
d̃[μm]
Ñ [mol/m3 ]

—
1000
0.76

100
300
0.76

H̃ [μm]
h̃[μm]
εr
T̃[K]
D̃[m/s2 ]

–
–
80
298
2 × 10−9

10
190
80
298
10−9

B. Experimental parameters
V. CONCLUSIONS
This work focuses on the Ohmic resistance of a permselective nanochannel ﬂanked by two microchannels. We
review the shortcomings and advantages of four leading
models whose properties are outlined in Table I. We show
that one of these models is incorrect, and the remaining
three models, while correct, suﬀer from certain limitations. To bypass these limitations, we reduce the number of
embedded assumptions in the derivation and derive an analytical model that uniﬁes these three models. This model
corresponds perfectly to simulations (Figs. 3 and 4) and
experiments (Fig. 5) for all geometries and concentrations.
This model holds for any nanoporous material used for
the electrokinetic transport of ions. It provides analytical
expressions for the two most essential properties of ion
transport through a permselective system, the transport
number and Ohmic resistance, without reverting to preliminary time-consuming numerical simulations or experiments. These ﬁndings can be used to improve and expedite
the design of any system using permselective materials for
ion transport. Most importantly, the physics of ion transport through nanoporous materials is clearer and easier to
understand.

The 3D experimental data shown in Fig. 5 are taken
from Ref. [52]. The microchannel geometry is L̃ = 2 mm,
H̃ = 48 μm, and W̃ = 3.3 mm. The diﬀusion coeﬃcient
is D̃ = 2 × 10−9 m2 /s. Table III provides the geometric
parameters for the nanochannel width and height with the
length being d̃ = 350 μm. We note that the values of f˜
diﬀers than those given in Ref. [52]. This is attributed to
the issue of full cell and half cell described previously
[see the paragraph between Eqs. (22) and (23)]. Here, the
TABLE III. Geometric information for the nanochannel and
counterion concentration shown in Fig. 5. The ratio L̃/H̃ W̃ =
0.124[105 /m].






d̃ 105
f˜ 105
mol
Nanochannel
w̃
Ñ
m3
L̃ m
h̃w̃ m
and h̃
w̃1 = 2.37 mm,
h̃ = 178 nm
w̃2 = 0.94 mm,
h̃ = 178 nm
w̃3 = 0.092 mm,
h̃ = 190 nm
w̃4 = 0.046 mm,
h̃ = 178 nm
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0.0163

2.1

20.9

0.056

1.66

197

0.298

2.75

422

0.514

2.42
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additional factor of 2 is accounted for within f˜ while in
Ref. [52], RFF is deﬁned as R̃FF = f˜ (and not R̃FF = 2f˜ as
in this work). As such and importantly, the ﬁnal result for
the resistances models are identical.
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