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ABSTRACT

Investigation of ion transport through nanopores with highly overlapping electric double layers is extremely challenging. This can be
attributed to the non-linear Poisson–Boltzmann equation that governs the behavior of the electrical potential distribution as well as
other characteristics of ion transport. In this work, we leverage the approach of Schnitzer and Yariv [Phys. Rev. E 87, 054301 (2013)] to
reduce the complexity of the governing equation. An asymptotic solution is derived, which shows remarkable correspondence to simulations of the non-approximated equations. This new solution is leveraged to address a number of highly debated issues. We derive the
equivalent of the Gouy–Chapman equation for systems with highly overlapping electric double layers. This new relationship between the
surface charge density and the surface potential is then utilized to determine the power-law scaling of nanopore conductances as a function of the bulk concentrations. We derive the coefficients of transport for the case of overlapping electric double layers and compare it
to the renowned uniform potential model. We show that the uniform potential model is only an approximation for the exact solution
for small surface charges. The findings of this work can be leveraged to uncover additional hidden attributes of ion transport through
nanopores.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0037873., s

I. INTRODUCTION
Ion transport across nanoporous materials (graphene oxide
based membranes,1–7 carbon nanotubes,8–10 silicon nanochannels and nanopores,11–16 conducting hydrogels,17 colloid based
membranes,18–20 mesoporous silica films,21 exfoliated layers of a clay
mineral,22 Nafion,23 cellulose nanofibers membrane from wood,24,25
Ti3 C2 MXene membranes,26–28 MXene/Kevlar membranes,29 singlelayer MoS2 nanopores,30 AMX-Sb anion exchange membranes,31–33
and more34–36 ) lays at the heart of numerous nanofluidic-based
applications (electrodialysis,37–41 energy harvesting,27–29,34,42–49 fluid
based electrical diodes,44,50–55 DNA biosensors,56–63 biomaterial
modeling,17 and modeling basic physiological phenomena64 ). However, thus far, despite decades of investigation, the linear response of
these systems, to a potential difference and/or pressure difference,
has yet to have been fully determined when these systems are highly
selective at low concentrations due to a high degree overlap of the
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electric double layer (EDL). The purpose of this work is to elucidate
a number of issues as described below.
For all the above-mentioned systems, the simple nanochannel
(a slot geometry) and nanopore (cylindrical geometry) serve as the
simplest tractable models for ions transport. Unsurprisingly, these
systems have been investigated for decades, and the first works date
back to the original works of Ostrele and co-workers65,66 and Sasidhar and Ruckenstein67 that focused on the theory of charged capillaries. In these pioneering works, the authors derived expressions
for the transport coefficients that coupled the volumetric flux and
the electrical current density with the pressure gradients and electric potential gradients. These coefficients were given in terms of
triple integrals of the electric potential that needed to be evaluated
numerically from the numerical solution of the non-linear Poisson–
Boltzmann (PB) equation. This general approach holds for both
thin EDLs (no overlap) and thick EDLs (high overlap). Recently,
Peters et al.68 (henceforth denoted as P16) showed that these triple
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integrals can be reduced to single integrals. Nonetheless, while this
drastically simplified the process, numerical evaluation of the PB
equation, as well as the transport coefficients, is still required. At the
limit of thin EDLs, the PB equation can be linearized and as such
as has been highly investigated. In contrast, the limit of thick EDLs,
whereby the PB cannot be linearized, involves much more complicated mathematics that makes the challenge more formidable, and
as such many major questions remain unanswered.
In this work, we will leverage the elegant asymptotic approach
suggested by Schnitzer and Yariv69 (which will be denoted as SY13)
to address these unanswered questions. We point out here that our
derivation is almost identical to that of SY13 with the sole difference
that they addressed a slot geometry and we will address the cylindrical geometry. In this aspect, our mathematics is not innovative.
However, the main findings of this work lay not in the derivation
of the solution itself but with the resultant analysis and their much
broader implications. To the best of our knowledge, the results in
this analysis are novel.
The structure of this work is as follows: In Sec. II, we present the
geometry under consideration, the governing equations and their
normalizations. We then present the derivation and solution for the
counterion concentration and electric potential distributions for the
case of high EDL overlap, ε ≫ 1 (defined below). Then we derive
expressions for the velocity field as a function of the pressure gradient and electric potential gradient. Section III is divided into Subsections III A–III E that analyze the results and addresses each of the
following unanswered questions:
- In the theory of thin EDLs, ε ≪ 1, the Gouy–Chapman theory relates the surface-charge density to the surface potential. Currently, the equivalent of such a relationship is not
known for channels with highly overlapping EDLs, ε ≫ 1. In
Sec. III A, we derive such a relationship.
- There is an ongoing debate regarding the slope of a
nanopore’s conductance as a function of the bulk concentrations at low concentrations (when there is a high overlap of
the EDLs). Two competing theorems suggest two different
powers laws of 31 and 12 . Utilizing the result from Sec. III A
and the Langmuir isotherm, we show that both theorems are
derived from the same governing equation. We show both
theorems are appropriate but at different limits. We also discuss the relevance of these models to another model that
suggests a slope of 1 in Sec. III B.
- In Sec. III C, leveraging our results from Sec. II, we analytically derive the transport coefficients matrix that relates the
volumetric flux density and the electrical current density to
the pressure gradient and electrical potential gradient for the
case of high overlap (ε ≫ 1). These coefficients and their
relative importance are discussed.
- Section III D compares the results of Sec. III C with the
transport coefficients matrix for the case of non-overlapping
EDLs (ε ≪ 1). The differences are discussed.
- Section III E compares the results of Sec. III C with the highly
popular uniform potential (UP) model or Teorell–Meyers–
Sievers (TMS) theory (discussed further below). We show
that the UP/TMS over-predicts the transport coefficient. The
reason for this is rationalized.
We conclude with a few quick remarks in Sec. IV.
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II. MODELS
A. Geometry
This work considers ion transport through a long nanopore of
length, L̃, and radius, ã (Fig. 1). The tilde denotes dimensional quantities. It is assumed that the length is substantially longer than the
radius, L̃ ≫ ã. This will entail the equivalent of a fully developed
flow, whereby derivatives along the axial direction, x̂, are zero such
that for any quantity f the derivative
f,x = 0.

(1)

The notation of a comma in the subscript denotes a derivative. The
nanopore is charged with a surface charge, σ̃s , that is negative.
B. Governing equations
The non-dimensional steady-state equations that govern ion
transport for a binary electrolyte with equal diffusion coefficients
(D̃± = D̃) and opposite valences (z± = ±z) are
−∇ ⋅ j± = ∇ ⋅ (∇c± ± c± ∇φ) − (u ⋅ ∇c± ) = 0,

(2)

2ε2 ∇2 φ = −(c+ − c− ),

(3)

∇ ⋅ u = 0,

(4)

− ∇p + α∇2 u + 2ε2 ∇2 φ∇φ = 0.

(5)

Here, we have used the following normalizations:
r̃ = ãr, φ̃ = φ̃th φ, c̃± = c± c̃0 , j̃± = j̃0 j± ,

(6)

ũ = ũ0 u, p̃ = pp̃0 .

(7)

The spatial coordinates are normalized by the radius, ã. The electric potential, φ, has been normalized by the thermal potential

FIG. 1. Schematic representation of a long nanopore that is negatively charged.
Due to the negative surface charge density, there is excess of positive counterions,
represented by green spheres, over the negative coions, represented by purple
spheres. In non-dimensional units, the radius of the pore is 1. The case of a highselective channel (ε ≫ 1) corresponds to the case where there are few negative
ions.
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φ̃th = R̃T̃/F̃z, where R̃ is the universal gas constant, T̃ is the
temperature, F̃ is the Faraday constant, and z is the valency. The
concentrations, c± , have been normalized by the bulk concentrations c̃0 . These normalizations lead to natural scales for the fluxes,
j± , velocity, u, and pressure, p. Specifically, the ionic flux densities are normalized by j̃0 = c̃0 D̃/ã. The velocity is normalized by
ũ0 = D̃/ã. The pressure is normalized by p̃0 = c̃0 R̃T̃. The two nondimensional numbers that appear in the governing equations are the
non-dimensional Debye length or non-dimensional electric double
layer (EDL),
¿
λ̃D 1 Á
À ε̃0 εr R̃T̃ ,
ε=
(8)
= Á
ã
ã
2F̃ 2 zc̃0
where ε̃0 and εr are the permittivity of free space and the relative
permittivity. This non-dimensional length ε should not be confused
with the dielectric constant ε̃0 εr that does not have units of length
nor is it dimensionless. The constant α is given by
α=

μ̃D̃
,
c̃0 R̃T̃ã2

c± = C± e∓φ .

(12)

Note that this solution holds for any fully developed system (independent of the value of ε). Here, we will assume that the constants
are unity, C± =1. We will return to this assumption at the end of
this subsection. Inserting Eq. (12) into Eq. (11) transforms it into
the Poisson–Boltzmann (PB) equation,70
2ε2 r−1 (rφ,r ),r = −(e−φ − eφ ).

(13)

The solution of PB typically requires the use of elliptical integrals
or numerical evaluation. The case of small ε can be solved with
the Debye–Hückel approximation.71,72 The case of ε ∼ 1 is not as
tractable as the two extreme cases of ε ≫ 1 and ε ≪ 1, whereby the
intermediate scale does not allow for a simple derivation. As such,
numerical simulations are needed, for example, see Refs. 73–75.
To solve the PB equation, we supplement the boundary conditions of no flux at the center of the channel and a surface charge
density at the surface of the channel,

(9)

where μ̃ is viscosity. The normalizations of Eq. (6) are the same in
SY13 and P16; however, the normalizations of Eq. (7) differ. We have
adopted P16’s approach, which would allow the interested reader to
compare this solution with their integral based approach. This also
allows us to compare with the expressions for the UP models (see
Sec. III E). We also note here that in SY13’s approach, α=1, and the
convective term in Eq. (2) is multiplied by a Peclet number. As we
will show later, the Peclet number indeed appears in the resultant
solution, and hence, unsurprisingly the mathematics do not care of
the approach taken. One final note on clarity of notation. While
the governing equations are given in terms of the electric potential φ, we will use an electric potential ϕ that is shifted relative to
φ by a constant. The relation is given in Eq. (17) and is discussed
in Sec. II C.
One cannot overemphasize the importance of the value of the
normalized EDL in Eq. (8). The case of ε ≪ 1 corresponds to the case
that there is no overlap of the EDLS at the center of the nanopore.
This situation corresponds to the “classical” case of microchannels.
In this work, we focus on the opposite situation where there is a
high overlap of the EDLS at the center of the pore, ε ≫ 1. The main
findings of this work are the novelties associated with ε ≫ 1.

scitation.org/journal/jcp

φ,r (r = 0) = 0,

(14)

φ,r (r = 1) = σs .

(15)

Here, the surface charge density has been normalized by
σ̃0 = ε̃0 εr φ̃th /ã. Equation (15) has been written for any surface charge
(positive or negative); in the remainder, we will assume that it is negative, σ s < 0. This will lead to coion exclusion of c− and will result in
the excess of counterions of c+ (green spheres in Fig. 1).
For the case of highly overlapping EDLs, whereby
ε = λ̃D /ã ≫ 1,

(16)

SY13 suggested a solution in the form of
φ = −2 ln ε + ϕ.

(17)

As a result, the ratio of the coions and the counterions is of order
O(ε−4 ) and is small such that the coions can be neglected. The
resultant simplified equation is then
r−1 (rϕ,r ),r = − 12 e−ϕ .

(18)

2⎫
⎧
⎪
⎪ [4 + (r2 − 1)σs ] ⎪
⎪
ϕ = ln⎨
⎬,
⎪
16σs (σs − 4) ⎪
⎪
⎪
⎩
⎭

(19)

2⎫
⎧
⎪
⎪ [4 + (r2 − 1)σs ] ⎪
⎪
φ = −2 ln ε + ϕ = ln⎨
⎬
2 ⎪
⎪
16σ
(σ
−
4)ε
s s
⎪
⎪
⎩
⎭

(20)

It can be shown that
C. Solution: Electric potential and concentration
distributions
For fully developed conditions whereby the pressure gradient
and the electric field are constant in the x̂ direction, we utilize Eq. (1)
and neglect all derivatives in the axial direction. The additional
assumption of an axisymmetric problem further reduces the governing equations. The equations depend solely on the radial coordinate
(the subscript of a comma denotes a derivative),
c±,r ± c± φ,r = 0,

(10)

2ε2 r−1 (rφ,r ),r = −(c+ − c− ).

(11)

Equation (10) assumes that there is no flux into the solid wall at r = 1.
The solution of Eq. (10) leads to
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satisfy the governing equation [Eq. (18)] and the boundary conditions [Eqs. (14) and (15)]. Remembering that c+ = e−φ yields the
counterion concentration distribution,
c+ =

16σs (σs − 4)
[4 + (r2 − 1)σs ]2

ε2 .

(21)
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In 2D slots geometries, the equivalent of Eqs. (19)–(21) has been
derived in the past.69,76,77 However, the concentration and electric
potential distributions in the slot geometry require an intermediate variable to relate the effects of surface charge. This intermediate
variable typically requires numerical evaluation and its approximation is discussed further below. Importantly, in contrast to the slot
geometry, the cylindrical pore geometry does not need the intermediate variable. This will allow us to further investigate the behavior
of nanopore systems with high EDL overlap, to the best of our
knowledge, to an unprecedented resolution (Sec. III).
To validate our results, we compare Eqs. (19)–(21) to numerical simulations of the non-approximated PB equation [Eq. (13)],
along with the boundary conditions [Eq. (14) and (15)]. These simulations are conducted in Comsol using the electrostatics module
in an axisymmetric 1D geometry. Figure 2 shows a remarkable
correspondence between our theoretical results and numerical simulations, which validates our assumptions and solutions. Namely, the
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simulations prove that the effects of the negative co-ions are indeed
negligible.
Before proceeding to derive the solution from the flow field, one
last comment is in order. SY13 argued that setting C± = 1 in channels with highly overlapping EDLs is unwarranted as there is no way
to match the fully developed concentration profiles to their bulk values. In their procedure, they keep C+ undetermined and neglect the
effects of C− [this term is neglected due to the O(ε−4 ) co-ion concentration dependency]. In their derivation, SY13 found that their
equivalent of Eq. (21) is independent of C+ . However, they show that
the potential φ (or ϕ) has an additional ln C+ term. By setting C+ = 1,
such that ln C+ =0, we have removed any such dependency that also
explains why the concentrations in Fig. 2(b) show remarkable correspondence. However, even if C+ = 1 is not set, our derivation would
result in an expression for Eq. (21) that is independent of C+ and
the same correspondence is shown in Fig. 2(b). On the matter of the
fact that c+ is independent of C+ , we agree with SY13. However, the
addition of a term ln C+ = const. would result in an offset between
simulations and theory in Fig. 2(a). The only way to achieve the perfect correspondence that can be observed in Fig. 2(a) is by setting
C+ =1. Hence, on this small point, we disagree with SY13.
It is also important to note that our approach of C± = 1 differs
from P16. In that work, the authors considered the case where the
concentrations at the two ends of the pore were not symmetric. This
resulted in a concentration gradient such that C± = C± (x) that is
independent of the radial coordinate. We limit ourselves to the simpler case. As a result, in contrast to P16 whose transport coefficient
matrix was 3 × 3, our matrix is 2 × 2. This is discussed in Sec. III.
D. Solution: Velocity distributions
For the unidirectionally developed flows, the simplified
governing equation for the velocity field in the axial direction is
αr−1 (rux,r ),r + ρe E − p,x = 0.

(22)

The appropriate boundary conditions are
ux,r (r = 0) = 0,

(23)

ux (r = 1) = 0.

(24)

The former is a symmetry condition at the center of the pore, while
the latter is the standard no slip condition. These equations can be
solved separately for the case of pressure driven flow (PDF) and
electrically driven flows (EDF),
ux = uPDF + uEDF .

(25)

To calculate the space charge density, we can use the second
derivative of Eq. (19) or account for ρe =c+ [given by Eq. (21)].
Combined with the boundary conditions, the EDF solution
is given by
ε2
1
uEDF = 4 E ln[1 + (r2 − 1)σs ].
(26)
α
4
The PDF is the classical Hagen–Poiseuille solution,
FIG. 2. (a) Electric potential distribution, φ(r), and (b) counterion concentration distribution, c+ (r), vs the radial coordinate, r. Theoretical curves are given by Eqs. (20)
and (21). Simulation parameters are ε = 10 and σ s = −2.
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uPDF = −

(1 − r2 ) ∂p
.
4α ∂x

(27)
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III. RESULTS AND IMPLICATIONS
In this section, we leverage the findings of Sec. II and address
the unanswered questions as discussed in the last paragraph of the
Introduction.
A. Surface charge density and surface–potential
relationship
In the Gouy–Chapman theory of EDLs, the structure of the
EDL is derived under the assumption that the concentration far from
the surface has a bulk value, and the potential and its derivatives
are zero. One can then derive a relationship that relates the surface
charge to the electric potential at the surface. This surface potential, φs , is known as the electrokinetic potential or zeta potential. The
surface charge and surface potential relationship is given by78,79
σs = 2ε−1 sinh( 12 φs ).

(28)

The name of the relationship changes with the field.80 In membrane science and chemistry, it is often termed the Gouy–Chapman
equation,10 while in physics, it is called the Grahame equation.78
This relationship assumes that the EDLs are not overlapping and
the conditions at the center of the channel are bulk. One should
note that the equation is derived in a flat Cartesian geometry. However, the case of thin EDLs (ε ≪ 1) in a cylindrical system corresponds to the case where the effects of curvature are not important.
The Gouy–Chapman equation can be used for microchannels or
larger systems as well or even nanochannels at high concentration
when ε ≪ 1. Nonetheless, this relation no longer holds for systems
with highly overlapping EDLS such as nanochannels at low concentrations,37,81 nanopores,82 carbon-nanotubes, and/or boron-nitride
nanotubes.9,83
We now derive the equivalent of Eq. (28) for systems with
highly overlapping EDLs (ε ≫ 1). Using Eqs. (17) and (19), we find
the remarkably simple expression
φ(r = 1) = φs = − ln[ε2 σs (σs − 4)].

(29)

To the best of our knowledge, this is the first such equation for
highly overlapping nanopores that directly relates the surface charge
density and the surface potential. In Appendix A, we find a similar
approximation for the slot geometry69,76,77 by removing the need for
an intermediate variable in the limiting value of large surface charge
densities.
B. Conductance
Recently, Biesheuvel and Bazant10 analyzed the Ohmic conductance of carbon nanotubes. They utilized the Langmuir isotherm to
find the surface charge density. In non-dimensional units, it is
σs = −

1
F̃ ñ
,
σ̃0 Ña 1 + 10pK−pH∞ exp(−φs )

(30)

which relates the surface density, the maximal number of ionizable
sites per unit area, ñ, the disassociation constant, pK, the pH in the
bulk concentration, pH∞ , and the potential at the wall, φs . Here, Ña
is Avogadro’s constant.
In general, a combination of Eqs. (29) and (30) leads to a third
order polynomial. This polynomial can be solved analytically with
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a computer program such Mathematica, Maple, or Matlab. However, the resultant solutions are not tractable. In the following, we
will demonstrate that the roots of the polynomial have three extreme
cases that are highly relevant. These correspond to the solutions of
a constant surface charge (which is independent of the bulk concentrations, i.e., c̃00 ) and two solutions that depend on the concentrations
1/3
1/2
with power-laws of c̃0 and c̃0 . While our focus is going to be on
these three extreme cases, the general solution varies continuously
1/2
between c̃00 and c̃0 .
The denominator of Eq. (30) can be considered in two limits:
10pK−pH∞ exp(−φs ) ≪ 1 and 10pK−pH∞ exp(−φs ) ≫ 1. The former
leads to simple to surface charge that is independent of pK, pH∞ ,
and φs ,
F̃ ñ
.
(31)
σs = −
σ̃0 Ña
This case of a constant surface charge density is one of three important cases discussed below. The two remaining cases10 occur when
10pK−pH∞ exp(−φs ) ≫ 1, and then Eq. (30) reduces to

β=

σs = −β exp(φs ),

(32)

β̃0
F̃ ñ
= .
σ̃0 Ña 10pK−pH∞ σ̃0

(33)

Inserting Eq. (29) into Eq. (32) yields a novel equation that relates
the surface charge and the variables that control the Langmuir
isotherm,
σs3 − 4σs2 + γ = 0.
(34)
Here, we have used γ = β/ε2 to write a universal equation that
depends on one parameter. Equation (34) can be solved exactly for
two scenarios: intermediate surface charges (σs3 is negligible) and
very large surface charges (σs2 is negligible). These solutions are
σs = − 21 γ1/2 ,

(35)

σs = −γ1/3 .

(36)

In dimensional form, these equations are
σ̃s = −( 21 β0 ãF̃zc̃0 )1/2 ,
1/3

σ̃s = −(2β̃0 ε̃0 εr R̃T̃zc̃0 )

(37)
.

(38)

Equation (37) is identical to the equation suggested by Ref. 10, while
Eq. (38) is identical to the equation suggested by Ref. 8. It should also
be mentioned that in both works, these equations were derived using
the cross-sectional average of the electric-potential distribution. In
contrast to Refs. 8 and 10, here we have derived these two relations
from local considerations.
Biesheuvel and Bazant10 pointed that in their derivation Ref. 8
used the Gouy–Chapman theory given by Eq. (28), which is inapplicable for highly overlapping EDLs. Here, we explain why Ref. 8
received the correct answer despite this inconsistency. For the case
of large and negative surface potentials, one gets from Eq. (28) that
σ s ≅ exp(−φs )/ε. By coincidence, this is the same scaling predicted by
Eq. (29). However, this occurs for different reasons altogether.
As discussed below, there is an ongoing debate as to which
power-law is most appropriate. Since they are derived from the same
governing equations [Eq. (34)], they are equally appropriate but each
in its own limit. It should be noted that here we have presented the
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three extreme solutions for the surface charge [Eqs. (31), (37), and
(38)]. However, an exact solution of the non-approximated Langmuir isotherm would show that the surface charge can vary continuously from a power law of 0 to 1/2. Hence, the approach in this work
provides a robust method to calculate the surface charge density and
the Ohmic conductance as discussed in the next paragraph.
The Ohmic conductance is related to the surface charge. In
recent years, experiments8,9,83–85 and numerical simulations86–88 on
nanopore and nanochannel systems have observed that the conductance has a range of power law dependency on the concentration.
For the case of constant surface charge [Eq. (31)], the conductance
is expected to saturate to a constant value at low concentrations
(dashed-dotted red line in Fig. 3).89 However, observations have
shown a deviation with a power-law scaling ranging from 31 to 21 at
low concentrations (magenta dashed line and orange dotted line in
Fig. 3). The debate on which is the most appropriate is ongoing.90
Our theoretical analysis suggests that Eqs. (37) and (38) are both
appropriate. This coincides with the findings of Ref. 86 that used
numerical simulations and showed the transition from one power
law to the other with varying β̃0 , ã, and c̃0 .
It is also worthwhile to mention yet present another mechanism
that has shown to result in deviations from saturation at low concentrations. The mechanism suggests a slope of 1.14 Here, we will
connect the previously mentioned slopes of 13 to 12 to the slope 1
mechanism as well.
In the above-mentioned debate of 31 to 12 , it is common to
assume that the effects of the adjoining microchannels are negligible.
In fact, in this work, we have, thus far, also neglected these effects.
However, the microchannel contributes two resistances whose contributions are not necessarily negligible. One is a simple Ohmic resistance that accounts for the resistance associated with the microchannel geometry and another resistor that we now describe. In the case
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of a single isolated pore, this second resistor is known as the access
resistance,91 and it relates how field lines focus in from an infinite
reservoir into a pore of radius ã. However, if the pore is a single
pore from an array of pores, the classical access resistance approach
does not work as it does not account for spacing between the pores
and the interactions between pores. In our previous works, we considered the behavior of a “single unit cell” of an infinite periodic
array.15,92–94 We derived an expression for this resistance, which
accounted for the pore spacing, the microchannel geometry, and
interactions with the remaining pores. We termed this resistance
field focusing resistors, and it is a generalized access resistance. Since
the expressions are long, we refrain from adding them here and refer
the interested readers to our previous works.15,92–94
If one includes both the microchannel resistance and the field
focusing resistances, the resultant power law is 1 (blue solid line
in Fig. 3). This power law has been predicted in theory93,94 and
has been confirmed in simulations14,93–95 and experiments.14,96 See
Ref. 94 for an exact expression for ΣRmicro . The total resistance,
−1
which is the reciprocal to the conductance, Rtotal = σtotal
, of a
94
microchannel–nanochannel system is given by
√
Rnano 1
+ 2 [1 + (2τ − 1) 4N −2 + 1]ΣRmicro ,
N
(39)
where the transport number is given by
−1
σtotal
= Rtotal = (2τ − 1)

τ=

√
1
4ΣRmicro −1
+ N(2 4 + N 2 +
) .
2
Rnano

(40)

Here, N represents the cross-sectional average excess counterion
concentration in the channel and depends linearly on the surface
charge (given below).94 It should be noted that in this equation,
the only free parameter is the surface charge density [constant or
power-law—Eq. (41)]. Else, all other parameters are fixed.
In our previous past work,94 we considered the case of a nonvarying and constant surface charge density that led to an excess
counterion concentration, N = −4ε2 σ s . However, the assumptions
in Ref. 94 and here regarding a fully developed flow are the same.
Hence, one can adopt without any additional derivations the case
that σs ∼ γ1/3 , γ1/2 . Hence, we can insert the expression
N=−

2σ̃s (c̃0δ )
ãF̃zc̃0

(41)

into Eq. (39) for the case where the surface charge density depends
on the concentrations such that δ = 0, 13 , 21 [corresponding to
Eqs. (31), (37), and (38)]. It is easy to show that when the microchannel resistances are zero, ΣRmicro = 0, the conductance assumes its
usual non-dimensional form94
σtotal =

FIG. 3. A schematic log10 −log10 plot of the dimensional conductance of Eq. (39) vs
the concentration for a number of different scenarios where we vary the power-law
dependency of the space charge and the effects of the microchannel resistances,
ΣRmicro . See main text for discussion. The black dashed lines denote the local
slope of the curve.
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√
πa2
4 + N2
.
L

(42)

At low concentrations when N ≫ 1, we have σ total ∼ N ∼ σ s ∼ γδ such
that the slope of Eq. (42) is determined by the power law inserted
from Eq. (41) (see Fig. 3).
In Fig. 3, we plot Eq. (39), in dimensional form, for five different instances. In three instances, we consider ΣRmicro = 0 [i.e.,
Eq. (42)], and we vary δ = 0, 31 , 21 . It is easy to observe that at low
enough concentrations, one gets the expected slopes determined by
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the power-laws. The additional two instances are when we account
for the effect of the microchannels such that ΣRmicro ≠ 0. For the case
that the surface charge density is constant (blue solid line in Fig. 3),
we see an intermediate region for which there almost is saturation
and then the decrease due to the effects of the microchannels and
return to the power law of 1.
For the case that ΣRmicro ≠ 0, one can also use a surface charge
density that varies with the concentration—this is different than the
blue solid line. Here, we have chosen the case of a 12 power-law (the
same behavior holds for the 13 power law, which is not shown here).
In the intermediate region, we see that the green line transitions
from the orange dotted line to the blue solid line. It should be mentioned that the length of the saturation “knee” of the blue solid line
depends on the transition region of the green line in Fig. 3, depending on the geometry and the surface charge.94 If the surface charge
effects are neutralized, the length of this region decreases and vice
versa.
One should note that in the transition region, the slope is
between 12 and 1. The transition of a region dominated by surface
charges to a curve dominated by access resistances might explain the
findings of Ref. 83 that observed a slope change from 12 to 1 when the
pH was decreased by 3–4 orders of magnitude, as well as the findings of Ref. 84 that observed a slope of 23 . Hence, any deviation from
the expected slope either indicates the transition from one power
law to another or that the microchannel resistances, ΣRmicro , are not
negligible.94
Combined, our results predict that the power-law slope of the
Ohmic conductance can take values anywhere between 0 and 1.
This exact value depends on the various properties described above
and needs to be solved from Eq. (29) and the non-approximated
equation(30).

which is the expected result one gets if the surface charge density is
multiplied by the perimeter and divided by the cross-sectional area.
The average electrical potential is
1

ϕ = 2 ∫ ϕrdr = −2 +
0

f =

2π
1
⎛ 1
⎞
1
⎜
⎟
f
(r)rdr
dθ
=
2
∫ f (r)rdr,
π ∫ ⎝∫
⎠
0
0
0

(43)

where the overbar denotes averages.
The average counterion concentration is
1

c+ = 2 ∫ c+ rdr = −4σs ε2 .

(44)

0

In order to get the expected result that the average counterion concentration is positive, c+ > 0, it is easy to see that we require that
the surface charge density is negative, σ s < 0. In dimensional units,
this is
(2πã)σ̃s
4σ̃s ε2 c˜0
2σ̃s
c̃+ = −
=−
=−
,
(45)
σ̃0
ãF̃z
(πã2 )F̃z
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8
4
σs − 4
ln(
) + ln(
).
σs
σs − 4
16σs

(46)

For the case of large surface charge, which is typically the case in
highly selective nanopores, in the limit σ s → −∞, the leading order
term is
ϕ = − ln(−4σs ).
(47)
The total potential, given by Eq. (17), can be related to the average
counterion concentration given in Eq. (44),55
φ = −2 ln ε + ϕ = − ln(−4σs ε2 ) = − ln c+ .

(48)

This yields the expected Donnan potential of ideally selective membranes and nanochannels.70,97,98
Here, we shall calculate the average volumetric flux densities.
We first note that just as the velocity could be divided into two separate terms [Eq. (25)], the flux density can also be divided into two
terms. The average volumetric flux density is a sum of the PDF and
EDF contributions,
q = qPDF + qEDF = uPDF + uEDF ,

(49)

where each flux component is the average velocity,
1

uPDF = 2 ∫ uPDF rdr = −
0

C. Transport coefficients for highly overlapping EDLs
In this subsection, we will calculate the coefficients that relate
the volumetric flux, Q, and electrical current, I, to the pressure gradients and electric fields. Following P16’s approach, we consider
the flux densities rather than the fluxes themselves. In dimensional
units, this is Q̃ = πã2 q̃ and Ĩ = πã2 ĩ. In non-dimensional units, the
flux densities can be calculated by considering the average for any
quantity f given by

scitation.org/journal/jcp

1

uEDF = 2 ∫ uEDF rdr = −
0

= μEDF E = −μEDF

1 ∂p
,
8α ∂x

(50)

4ε2
σs
[σs + (4 − σs ) ln(1 − )]E
ασs
4

∂φ
.
∂x

(51)

Here, we have used the relation that relates the electric field to the
electric potential, E = −∂φ/∂x. Equation (50) is the classical flux of
a pressure driven flow, while Eq. (51) is the volumetric flux due to
electric fields. In systems without EDL overlap, μEDF is the electroosmotic mobility, and it depends linearly on the zeta potential. In
the case of small electric potentials, the zeta potential and surface
charge density are linearly related [linearized form of Eq. (28)]. Here,
it is apparent that the mobility depends non-linearly on the surface
charge. This is already a difference between a highly overlapping
system and non-overlapping systems. This will be expanded upon
further below (Sec. III D).
For the case of highly overlapping EDLs, the space charge density and the conductivity are both equal to c+ . Hence, the electrical
current density is given by
i = iOhmic + iEDF + iPDF = c+ E + c+ ux = c+ (E + uEDF + uPDF ),

(52)

and it can be divided into three terms. The first term is the Ohmic
conductivity while the other two terms are related to the advective
terms (EDF and PDF). The Ohmic contribution exists independent
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of convective effects. In microchannels, it is typically the dominating
term, and at the very least, it dominates over iEDF . We will show that
this is not the case for highly overlapping EDLs.
We calculate the average electrical current density of each of
these terms,
1

iOhmic

∂φ
= 2 ∫ c+ Erdr = c+ E = σOhmic E = −σOhmic ,
∂x

(53)

0

1

iEDF = 2 ∫ c+ uEDF rdr = −
0

16ε4
σs
[σs + 4 log(1 − )]E
α
4

= σadvection E = −σadvection
1

iPDF = 2 ∫ c+ uPDF rdr =
0

= μPDF

∂φ
,
∂x

(54)

σs ∂p
4ε2
[σs + (4 − σs ) ln(1 − )]
ασs
4 ∂x

∂p
.
∂x

μPDF = −μEDF .

(56)

The volumetric and electric current densities can be written in
matrix form as a function of the coefficient matrix and the driving
force vector after accounting for E = −∂φ/∂x,
q
(8α)−1
( )
= −(
i ε≫1
μEDF

We compare the ratio of the leading order term of the convective
conductance to the Ohmic conductance,
σadvection ε2 ε̃0 εr φ̃th
≈
≈
≜ Pe.
σOhmic
α
μ̃D̃

∂p/∂x
μEDF
)(
).
σOhmic + σconvective ∂φ/∂x

(57)

Upon rewriting these equations, it can be observed that these equations conserve Onsager reciprocity whereby the non-diagonal terms
are equal. The dimensional version of this equation is given in
Appendix B.
Before we compare the coefficient matrix in Eq. (57) to the
coefficient matrix for systems without EDL overlap, a number of
comments are warranted. First, as mentioned above, the Ohmic
conductance is the only term here that is independent of α. In the
limit of α → ∞, the matrix reduces to the simpler problem of noncoupled ion transport through a nanopore and the expected result
of i = −σ Ohmic ∂φ/∂x is reproduced. Second, in calculating Eqs. (54)
and (55), we calculate the multiplication of two spatially dependent
terms. For example, iEDF = 2 ∫ uEDF c+ rdr = uEDF c+ . Importantly,
except for a number of degenerate cases, uEDF c+ ≠ uEDF c+ . This
is easily verified by comparing Eq. (54) with the multiplication of
Eq. (51) with Eq. (44). The comparison shows that they are not
identical. Implications of this will be discussed in Sec. III E.
Finally, to determine the ratio of the various terms in the transport coefficient matrix, we consider the ratio of the various terms.
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(58)

By using the definition of ε and α [Eqs. (8) and (9)], we find the ratio
of the two different conductances leads to SY13’s Peclet number that
characterizes the electrolyte and is independent of the concentration. The contribution of this Peclet number is extremely important
for over-limiting currents and the formation of an electroconvective instability at the entrance to permselective membranes.37,99–101
Here, too, it can be observed that if one inserts the values for KCl,
the Peclet number is of order 0.5. This indicates that the convective
term can increase the current by a non-negligible amount relative to
the Ohmic conductance. This too is a finding of SY13.
The ratio of each of the diagonal terms with the other term in
the same row is the ratio of the coupling term to the non-coupled
term. Similar to the case of non-overlapping systems, there is a
dependence on the ratio of the pressure difference and the electric
potential difference,

(55)

Here, we have denoted each of the terms that multiply the electric
field or pressure gradient with a coefficient. In Eq. (53), the coefficient is the Ohmic conductance. In Eq. (54), we have the effect of a
convective current with an advective conductance. While Eq. (55)
is the streaming current, it can be related to electric mobility in
Eq. (51),

scitation.org/journal/jcp

∣

uPDF
1 Δp
∣≈∣ 2
∣,
uEDF
ε Δφ

(59)

∣

iPDF
ε2 Δp
∣.
∣≈∣
σs Δφ
iEDF

(60)

The notion of an electrokinetic pump is highly investigated in
microchannels.78 These equations provide a means to investigate
electrokinetic pump in nanopores.102 Here, we see that from Eq. (59)
that the PDF contribution relative to the EDF is of O(ε−2 ) and will
require very large pressure drops to be comparable to electric fields.
Regarding the effects of the streaming current in Eq. (60), this term
is O(ε2 ) and can be very substantial; however, as the surface charge
density increases, this effect also drops. In fact, our model for highly
overlapping EDLs is the most accurate σ s → −∞; hence, this ratio
indeed depends on all the parameters of a specific system. For systems with overlapping EDLs, the important contributor to either
of the fluxes is the electric driving force. Nonetheless, each system
should be considered specifically with all the parameters (pressure
gradient, electric potential gradient, and more).
D. Comparison with channels without overlapping
EDLs — ε ≪ 1
We now compare the coefficient matrix for highly overlapping
EDLs, Eq. (57), with the coefficient matrix for the system without
EDL overlap — ε ≪ 1. In Appendix C, we have derived the equivalent to Eq. (57) for the case of non-overlapping EDLs, ε ≪ 1 [which
is the opposite of what was used in Eq. (57), ε ≫ 1],
⎛
−1
q
⎜ (8α)
( )
= −⎜
⎜ 2ε3 σs
i ε≪1
⎝− α

2ε3 σs ⎞
∂p/∂x
α5 2 ⎟
⎟(
).
⎟
8ε σs
∂ϕ/∂x
2+
α ⎠
−

(61)

Since Eqs. (57) and (61) are derived under different assumptions
(ε ≫ 1 and ε ≪ 1 respectively), it is not surprising that they are different. The case of no EDL overlap has been thoroughly discussed
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in many past works and therefore we will not conduct a thorough investigation here. We focus our attention on the ratio of the
convective term to the Ohmic conductance. Here, this ratio is
σadvection ε5 σs2
∼
∼ Peε3 σs2 .
σOhmic
α

(62)

Since Pe ∼ O(1), but ε ≪ 1 (no overlap) (Appendix C), the effects
of convection on the electrical conductance is negligible, which is
opposite to the case of ε ≫ 1 [Eq. (58)]. Similarly, we estimate the
streaming current effect vs the Ohmic conductance

∣

Δp
iPDF
ε3 σs Δp
∣∼∣
∣ ∼ ∣Peεσs
∣.
α Δφ
Δφ
iEDF

(63)

Here, the electrokinetic pump depends on the ratio of pressure and
potential differences; however, the coefficient of order O(Peεσ s ) suggests that this ratio is small. This suggests that systems with no
overlap, or weak overlap, are not going to be highly efficient in
transporting current.
E. Comparison with the uniform potential model
Due to the inherent difficulties with calculating the transport
coefficients involving triple integrals or single integrals that rely on
the numerical evaluation of the PB equation, an alternative approach
was suggested. They go under various names: “fine capillary pore
model,” “uniform potential (UP) model,”71,103–108 and the Teorell–
Meyers–Sievers (TMS) theory.109,110 In this approach, it is assumed
that due to the high overlap of the EDL, the concentrations and
potentials are uniform.
In their work, P16 provides an expression for the UP-model
coefficient matrix. In the notations of this work, the volumetric flux
and electrical current densities are
−1

q
⎛ (8α)
( ) =−
⎝−ε2 σs /2α
i UP

−ε2 σs /2α

⎞ ∂p/∂x
(
). (64)
4ε σs + (4ε σs ) /(8α)⎠ ∂ϕ/∂x
2

2

2

A comparison of Eq. (64) with Eq. (57) shows that the responses
are different. It is clear that except for the PDF contribution to q
and Ohmic conductance contribution [4ε2 σ s term in Eq. (64)] to i,
the remaining terms (non-diagonal elements and the advective) are
different. First, we will demonstrate this and then we will explain the
origin.
Figure 4 compares the UP model to the results of this work.
In Fig. 4(a), we compare the diagonal term μEDF /(ε2 α−1 ), and in
Fig. 4(b), we compare σ convective /(ε4 α−1 ). It is apparent that the correspondence of UP to our findings occurs only for small surface
charge densities, σ s .The reason that UP fails at larger values can be
attributed to the previously mentioned fact that uEDF c+ ≠ uEDF c+
(Sec. III C). The UP model assumes that all the excess counterions
are distributed evenly. However, the larger values near the surface
and the interplay of the multiplication and subsequent integration
of these two terms (concentration and velocity) deviate from the
expected simple averages. The correct solution is the solution in this
work, which is non-approximated.
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FIG. 4. Comparison of coefficients predicted by the uniform-potential-model
and this work as a function of the surface charge density, σ s . We plot in (a)
μEDF /(ε2 α−1 ) and (b) σ advection /(ε4 α−1 ). The UP model coefficients are given in
Eq. (64), while this work’s coefficients are given in Eqs. (51) and (54).

IV. CONCLUSIONS
In this work, we have leveraged the approach of SY13 to derive
an analytical solution for the counterion concentration and electric potential distributions for the case of highly overlapping EDLs,
ε ≫ 1, in a cylindrical pore. We are then able to derive expressions
for the velocity fields driven by pressure and electric fields. Briefly,
in Sec. III, we addressed a number of unresolved questions to relating the surface charge density to the value of electric-potential at the
wall (Sec. III A), mapping the dependency of the surface charge density and Ohmic conductance to the bulk concentration (Sec. III B),
comparison of the transport coefficients for highly overlapping systems (Sec. III C) to those non-overlapping systems (Sec. III D) and
to the uniform potential model (Sec. III E). It is our belief that the
findings of this work can be used to further elucidate the mysteries
of ion transport through permselective medium.
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APPENDIX A: THE SURFACE-CHARGE-SURFACE
POTENTIAL RELATION FOR OVERLAPPING
CHANNELS IN A SLOT GEOMETRY
For a 2D wide slot channel the surface charge (σ s < 0) and
electric potential are given by69
p tan p =

− 12 σs ,

(A1)

2

φ = ln

cos py
.
4p2 ε2

(A2)

In this Appendix, p is not the pressure, but it is an intermediate variable. This is the notation of SY13. In the infinite limit of the surface
charge, the solution for p is π2 . Hence, for the case that |σ s | ≫ 1,
which is interesting for nanochannels, we can replace p = π2 − p̂ and
consider the perturbation of this relation for finite but large surface
charges. Inserting this in Eq. (A1) and taking the Taylor series in
terms of p̂ yield p̂ = π/(2 − σs ). Inserting this in Eq. (A2) yields
φ(y = 1) = φs = ln{

4(σs − 2)2 sin [π/(σs − 2)]2
}.
π2 σs2 ε2

(A3)

Taking a Taylor series for the sine function for the case of large
surface charge yields
φs = ln(

4
).
σs2 ε2

(A4)

This is the equivalent of Eq. (29) for 2D slot channels. The difference between the equations can be attributed to the change from a
curved cylindrical geometry to a flat surface. In addition, for the slot
geometry, the normalizing length scale is not the separation distance
between the top and bottom surfaces but rather half that distance
(i.e., the separation is 2h and normalization is by h). See SY13 for
more details.
APPENDIX B: DIMENSIONAL ONSAGER MATRIX
FOR HIGHLY OVERLAPPING CHANNELS
Here we provide the interested reader, the dimensional version
of Eq. (57) for the case that valency is z = 1,
∂ p̃/∂x̃
q̃
ã2 /(8μ̃)
μ̃EDF
( ) = −(
)(
),
ĩ
μ̃EDF
(σ̃Ohmic + σ̃advection ) ∂ ϕ̃/∂x̃
(R̃T̃ε̃0 εr ) σ̃s
σ̃s
σ̃s
)],
[ + (4 − ) ln(1 −
σ̃0
σ̃0
4σ̃0
ãF̃ 2 μ̃σ̃s

σ̃advection

φ̃3 (ε̃0 εr )2 σ̃s
σ̃s
= −4 th 3
[ + 4 ln(1 −
)],
ã μ̃
σ̃0
4σ̃0
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σ̃Ohmic = −

2F̃ D̃σ̃s
.
R̃T̃ã

(B4)

APPENDIX C: ONSAGER MATRIX
IN NON-OVERLAPPING CHANNELS
In Sec. III C, we derived the relation coefficient matrix between
the mass flux and electric current densities for the case of highly
overlapping EDLs, ε ≫ 1 [Eq. (16)]. Here, we will quickly reproduce
this matrix for the case that there is no overlap, ε ≪ 1. Here too, the
governing equation is the PB equation, which is linearized under the
assumption that φ ≪ 1,
2ε2 r−1 (rφ,r ),r = −(e−φ − eφ ) = 2 sinh φ ≃ 2φ.

(C1)

This is the Debye–Hückel approximation, which assumes that zeta
potential or the surface charge is small. The solution of Eq. (C1)
with the same boundary conditions as in the main text [Eqs. (14)
and (15)] includes Bessel functions. The solution is given by111
φε≪1 = εσs

I0 (r/ε)
,
I1 (ε−1 )

(C2)

where I n (θ) is the modified Bessel function of the first kind of order
n and argument θ. We denote this solution with the additional subscript ε ≪ 1 to emphasize that this solution is different than the
main text solution, which could be denoted as φε≫1 . We have not
used such a notation as it would introduce unnecessary complexity to the notations that are already complicated. It should be that
the assumption of φ ≪ 1 is self-consistent since φ ∼ ε ≪ 1 is also
small.
The concentrations are determined by a Boltzmann
distribution,
c± = e∓φ ≈ 1 ∓ φ + O(φ2 ) = 1 ∓ εσs

I0 (r/ε)
+ O(φ2 ).
I1 (ε−1 )

(C3)

Note here that we have included higher order terms in the concentrations; however, they are O(φ2 ∼ ε2 ) small and hence negligible.
This contribution on the space charge would be O(φ3 ), and it too
would be negligible. The space charge is
ρe = c+ − c− ≈ −2εσs

I0 (r/ε)
+ O(φ3 ).
I1 (ε−1 )

(C4)

This space charge can now be inserted into the equation for
EDF flow [Eq. (22)] along with the boundary conditions. The solution is given by
uEDF =

(B1)

2Eε3 σs I0 (r/ε) − I0 (ε−1 )
α
I1 (ε−1 )

(C5)

while the pressure flow field remains unchanged [Eq. (27)]. We
calculate the volumetric fluxes and electrical current densities by
integrating over the channel [Eq. (43)]. This leads to

2

μ̃EDF = −2

scitation.org/journal/jcp

(B2)

(B3)

q
( )
i ε≪1

⎛
(8α)−1
⎜
= −⎜
⎜ 2ε3 σs I2 (ε−1 )
⎝− αI (ε−1 )
1

2ε3 σs I2 (ε−1 ) ⎞
∂p/∂x
αI1 (ε−1 ) ⎟
⎟(
), (C6)
⎟ ∂ϕ/∂x
σOhmic + σadvection ⎠
−
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4ε4 σs2
α[I1
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(ε−1 )]2

× {[I1 (ε−1 )]2 + 2εI0 (ε−1 )I1 (ε−1 ) − [I0 (ε−1 )]2 },

(C7)

σOhmic = c+ + c− = 2.

(C8)

Additional terms can be added to the Ohmic conductance term
[Eq. (C8)]. However, these terms are of order O(φ2 ) and are thus
negligible. Since ε ≪ 1, the argument of the Bessel functions are
large, ε−1 ≫ 1, and they can be approximated to leading order using
their asymptotic expansion,112
eθ
4n2 − 1
In (θ) = √
+ ⋯).
(1 −
8θ
2πθ

(C9)

The second term is of order O(ε), which is negligible for our purpose. For the sake of simplicity and the arguments provided above,
we keep only the leading term. Then, Eq. (C6) reduces to the simpler
matrix that is used in the main text [Eq. (61)],
⎛
−1
q
⎜ (8α)
( )
= −⎜
3
⎜ 2ε σs
i ε≪1
⎝− α

2ε3 σs ⎞
∂p/∂x
α ⎟
⎟(
).
8ε5 σs2 ⎟ ∂ϕ/∂x
2+
⎠
α
−

(C10)
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