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ABSTRACT: Nanoﬂuidic diodes are capable of rectifying the electrical current by
several orders of magnitude. In the current state of aﬀairs, determining the
rectiﬁcation factor is not possible as it depends on many system parameters. In this
work, we systematically scan the eﬀects of geometry and excess counterion
concentrations (i.e., surface charge eﬀects). We show that the current−voltage
response varies between the two extreme behaviors of unipolar and bipolar responses.
The exact behavior depends on the geometry and surface charge properties of the
system. Here, we have gone beyond the typical setup that only considers the
dynamics within the nanochannel itself and we have included the eﬀects of the
adjoining microchannels. Systems that include both nanochannels and microchannels
exhibit the classical signatures of concentration polarization, such as ionic depletion
and enrichment. Here, where we have scanned a wide range of parameters, we show
that bipolar and semi-bipolar systems exhibit a wider range of phenomena that are
intrinsically more complicated. Our system characterization is for both, the much more investigated case of steady state and the less
investigated, but equally interesting, time-transient case. For example, it is common to characterize the system by its steady-state
result (current−voltage response, rectiﬁcation factor, and transport number). Here, we demonstrate that the time-transient behavior
of the ﬂuxes can also be used to characterize the system, and that the time-dependent rectiﬁcation factors and transport numbers are
meaningful. The systematic approach taken in this work, and the results presented herein, can be used to further elucidate the
complicated behavior of the current−voltage response of nanoﬂuidic diodes and to rationalize experimental results. The insights of
this work can be used to enhance and improve the design of all nanoﬂuidic diodes.
KEYWORDS: nanoﬂuidics, electrokinetics, ﬂuid-based circuits, rectiﬁcation, ionic-circuits, concentration polarization

1. INTRODUCTION
Over the last decade, ion-selective materials (silicon nanochannels and nanopores,1,2 graphene oxide-based membranes,3
colloid-based membranes, 4 carbon nanotubes, 5−9 Ti 3C 2
MXene membranes,10 cellulose nanoﬁber membrane from
wood,11 MoS2 nanopores,12 and more13−15) have attracted
considerable interest due to their wide variety of applications
in various ﬁelds, including desalination,16,17 energy harvesting,10,14,18−20 biomolecule sensing,21 and more. Particularly
interesting is the potential of these materials to act as ﬂuidbased electrical diodes where they can rectify the electric
current by orders of magnitude.19,22−30 The diodelike behavior
depends on the geometry and the distribution of the surface
charge density.
Diodes can be divided into two major types: unipolar
transistors and bipolar diodes. The diﬀerences between the two
are related to the distribution of the surface charges (discussed
further below). These two systems can be characterized and
diﬀerentiated by their current−voltage (i−V) response shown
in Figure 1. For the unipolar system, it can be observed that
the current reaches a limiting value for both positive and
negative voltages. These limiting currents can be considerably
© 2021 American Chemical Society

surpassed due to the formation of an electroconvective
instability that is considered elsewhere.31−34 In contrast,
bipolar systems exhibit a limiting current only at negative
voltages while the positive current can increase without
restrictions.
This diﬀerence can be attributed to the fact that unipolar
systems have a single charged region (like P-type or N-type
semiconductors) while bipolar systems have two charged
regions: one is negatively charged and one is positively
charged. Thus, like solid-state P−N junctions,35 bipolar ﬂuidic
diodes also exhibit a preferred direction for electrical current
transport. P-type, N-type, and P−N junction nanoﬂuidic
systems, i.e., charged nanoporous materials, have a symmetry-breaking property known as permselectivity. This property
endows ion-selective materials the ability to ﬁlter out ions of a
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The paper is divided as follows. We begin in Section 2 by
describing the 1D model and the governing equations, and
provide the physical insights that lead to the results of the next
three sections. Our work is numerical, and within the
numerical method itself, we do not provide anything novel.
Rather, our novelty lies within the analysis itself whereby we
demonstrate a large number of new robust phenomena that, to
the best of our knowledge, have never been reported.
Section 3 focuses on the transient response of a symmetric
bipolar system (bipolar diode). Below we deﬁne what we mean
by symmetric and asymmetric. Here, we show that the timetransient result exhibits two depletion regions that result in the
formation of nonequilibrium space charge layer structures.
Section 4 focuses on the steady-state response of asymmetric
systems. Here, we focus on how the response of a system
changes as a single control parameter is used to transition the
system from a bipolar system to a unipolar system. Section 5
considers the time-dependent behavior of the asymmetric
systems. Our analysis is based on the understandings
developed in the two preceding sections. Finally, in Section
6, we conclude with a few short remarks.

Figure 1. Current density−voltage (i−V) response curve comparing
unipolar and bipolar one-dimensional (1D) systems. The bipolar
curve is given by eq 8 while the unipolar curve is given by eq 9.

particular charge.36−38 For example, consider a negatively
charged material (i.e., negative surface charge). Here, negative
ions are repelled from the surface while positive ions are
attracted. This yields two consequences of utmost importance.
First, within the permselective material itself, the surface
charge density results in an excess of counterions of opposite
charges. Hence, one can consider surface charge densities or
average excess concentrations within the permselective material. In this work, we consider excess concentrations that are
more intuitive and allow for simple one-dimensional (1D)
analysis. Second, only positive ions are transported through
negatively charged systems (i.e., permselectivity). This
symmetry-breaking lies at the heart of a phenomenon known
as concentration polarization (CP)36,37 used for desalination
and energy harvesting. Additional aspects of CP and
permselectivity are discussed throughout this work.
Thus far, most studies on bipolar systems have been
experimental; however, there are a few studies that have
theoretically modeled bipolar systems.24,39−47 It is typically
assumed that the eﬀects of the adjoining microchannels (or
diﬀusion layers as described below) are negligible. The purpose
of this work is to elucidate the principles of ion transport
across bipolar systems while emphasizing the broad set of
phenomena occurring at the microchannel−bipolar interfaces.
Namely, we wish to show that the overall dynamics is strongly
dependent on the microchannels. This work primarily utilizes
numerical simulations while using some theoretical models
that have been derived in the past.

2. MODEL AND GOVERNING EQUATIONS
This work considers the ion transport through a 1D system
comprised of four regions (Figure 2). Regions 2 and 3 are
negatively and positively charged, respectively. These are the
permselective regions. These two regions are ﬂanked by two
layers (regions 1 and 4), commonly termed “diﬀusion layers”
(the “diﬀusion layer” terminology is discussed below). This
model represents the behavior of a bipolar permselective
system adjacent to two microchannels (or the edges of the bulk
reservoirs). In most experimental setups, placing the electrodes
exactly on the charged region/s is not possible. Hence, a fourlayer setup describes realistic systems in a more accurate
manner, and, as we show, inclusion of the diﬀusion layers leads
to novel and interesting results. However, while this four-layer
setup is more realistic, it is not complete. Here, we have
considered 1D systems where, virtually, all realistic systems are
heterogeneous, whereby the height and widths of the diﬀusion
layers are substantially larger than those of regions 2 and 3.
This results in the formation of two-dimensional (2D) and
three-dimensional (3D) gradients that are displayed in terms
of access resistance2,48,49 or ﬁeld-focusing resistances.24,25,50−53
Here, we ignore these ﬁeld-focusing eﬀects primarily for the
sake of simpliﬁcation but also because it is justiﬁable in large
nanoporous membrane systems where these eﬀects are
relatively negligible.

Figure 2. Schematic describing a one-dimensional four-layered system comprised of two diﬀusion layers (regions 1 and 4) connected by two
permselective mediums (regions 2 and 3). The eﬀects of the surface charge density are characterized by the average excess counterion
concentration, N2,3, deﬁned in the main text, which are not necessarily the same (i.e., |N2| ≠ |N3|). When both |N2,3| ≫ 1, to a good approximation,
in both regions there is an imbalance of charges with a preference for oppositely charged counterions. The origin is located at the interface of
regions 2 and 3.
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In this work, we constantly discuss the behaviors of the
concentrations and electric potential in regions 1 and 4, as well
as in the interfaces of regions 1 and 2 and regions 3 and 4. For
simplicity, we have placed the origin at the interface of regions
2 and 3.
Ion transport is governed by the Poisson−Nernst−Planck
(PNP) equations. For the case of a symmetric and binary (z+ =
−z− = 1) electrolyte of equal diﬀusivities (D+ = D− = D), the
1D time-dependent PNP equations are

Table 2. Region 3 Excess Counterion Concentration, N3,
Voltage, V, and Maximal Time Used in the Simulations of
Each Section

∂j+
∂c +
∂ i ∂c +
F + ∂ϕ zyz
=−
= D jjjj
+
c
z
∂t
∂x
∂x k ∂x
RT ∂x z{

(2)

∂ 2ϕ
= −ρe
∂x 2

(3)

ρe = F(c + − c − − N2δ2,k − N3δ3,k )

(4)

Herein, R is the universal gas constant, T is absolute
temperature, F is the Faraday constant, ε0 is the dielectric
permittivity of vacuum, and εr is the relative permittivity of the
electrolyte. Equations 1 and 2 are the time-dependent Nernst−
Planck equations for the ionic ﬂuxes, j±, for the cation and
anion concentrations, c+ and c−, respectively. Equation 3 is the
Poisson equation for the electric potential ϕ. The space charge
density, ρe, which is the inhomogeneous source of the Poisson
equation (eq 3), is deﬁned in eq 4. The space charge density,
ρe, has been written in a general manner such that it holds for
all four regions (k = 1−4). Herein, δlk is Kronecker’s delta. In
regions 1 and 4, the space charge density is comprised only of
the ionic species. In contrast, in regions 2 and 3 additional
terms exist. These are the average excess counterion
concentrations needed to balance the surface charge densities.
The relation between the average counterion concentration, N,
and the surface charge density, σs, is given by N = −2σs/Fh,
where h is the height of the permselective region. Since we are
interested in 1D systems, herein we adopt a formulation that
uses the N’s. In our system of interest, we have two charged
regions that are of opposite charges such that N2 > 0 and N3 <
0.
Equations 1−4 are subject to the boundary conditions at the
two ends of the channels. For the concentrations, we require
that the concentrations are in equilibrium with bulk reservoirs,
c± = c0. The potential drop across the system is given by V.
Details regarding the numerical schemes used to solve these
equations, including how the equilibrium initial conditions are
computed, are given in the Supporting Information.
The simulation parameters are provided in Tables 1 and 2.
Table 1 provides a list of parameters that were not varied
across all simulations in all of the sections. Table 2 provides the
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Equation 5 is a diﬀusion equation governing the concentration.
Diﬀusion equations are typically characterized by a length (the
“diﬀusion length”). Here, the diﬀusion length is the length of
the region, such that regions 1 and 4 are termed “diﬀusion
layers”. In contrast to eq 5, which is time-dependent, eq 6 is
Ohm’s law that is explicitly time-independent
0=−

i = −2

DF 2 ∂ϕ
DF 2
=2
c
cE
RT ∂x
RT

(7)

Here, E = −∂ϕ/∂x is the electric ﬁeld. Since ∂(i/F)/∂x = 0, it
can be inferred that the multiplication of the concentration and
the electric ﬁeld must be spatially constant; indeed, this is
veriﬁed by our simulations. Also, while the electrical current
density is spatially independent, it is in fact implicitly timedependent because of the implicit time-dependency hidden
within c(x,t) and E(x,t).
In steady state, eq 5 is reduced to ∂j/∂x = 0 such that j =
const. The i−V curve describing the bipolar system in Figure 1
was derived for the case that j+ = −j− such that j = 0 and i =
2Fj+. The “symmetry condition” that j+ = −j− results in a
constraint on the multiplication of the length and excess
counterion concentration of the permselective regions such
that L2|N2| = L3|N3|. The resultant i−V expression is
complicated and, for the sake of simplicity, we provide here
the i−V for the simpliﬁed case that L1,2,3,4 = L and |N2| = |N3| =
N. The interested reader is referred to ref 24 for the general
scenario. The simpliﬁed i−V response is given by

Table 1. Simulation Parameters Used for All Simulations
value and units
region lengths, L1,2,3,4
excess counterion concentration, N2
bulk concentration, c0
relative permittivity, εr
temperature, T
diﬀusion coeﬃcient, D

N3 (mol/m3)

ranges of the parameters N3 and V as they are varied in each
section, and the simulation times.
Before proceeding with the analysis of this work, it is
worthwhile to consider the i−V curves shown in Figure 1 and
present some theoretical analyses that strongly bear on the
ﬁndings of this work. To this end, we consider the case of the
quasi-electroneutrality (ρe ≈ 0) condition25,37,51,52,54 in regions
1 and 4 whereby the positive and negative concentrations are
approximately equal, c+1,4 ≅ c−1,4 (subscripts of numbers denote
regions). We deﬁne c±1,4 = c1,4 = c and insert this into eqs 1 and
2. Adding and subtracting these two new equations yield two
governing equations that are dependent on the salt ﬂux density,
j, and the electrical current density, i

(1)

∂j−
∂c −
∂ i ∂c −
F − ∂ϕ yz
zz
=−
= D jjj
−
c
∂t
∂x
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Section 3
Section 4
Section 5
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100 μm
10 mol/m3
0.1 mol/m3
80
298 K
2 × 10−9 m2/s
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Figure 3. Time-dependent proﬁles for the concentrations, c+ (solid lines) and c− (dashed lines) and potential, ϕ, for V = 1.027 V. (a)
Concentration proﬁles in all four regions. The blue arrows indicate the direction of increasing time. (b) Concentrations in regions 2 and 3. (c)
Spatial distribution of the electric potential, ϕ, for the same times as the concentrations in (a) and (b). (d) Spatial distribution of the electrical
potential for all simulated times.

the iL4 term in eq 9 is replaced with i(L4 + L3). As stated
above, we have assumed L3 = 0.

where S = Q 2 + 2iNL /(FD) and Q = 4c0 2 + N 2 .
Symmetry vs Asymmetry. In Section 3, we investigate
the time-dependent behavior when L2|N2| = L3|N3| is satisﬁed;
we refer to this as the time-dependent behavior of the
symmetric response. In Section 4, we consider the steady-state
response when L2|N2| ≠ L3|N3| such that eq 8 is no longer
valid. Naturally, we refer to this as the asymmetric steady-state
response. Section 5 combines the analysis of the two previous
sections whereby we consider the time-dependent behavior of
the asymmetric response. It is important to reiterate that our
deﬁnition of symmetry is in regard to the constraint L2|N2| =
L3|N3| and not any other quantity.
Finally, for the sake of completion, we provide the i−V for
the unipolar system24 in Figure 1
ÄÅ
É
ij 2FDc0 + iL4 yzÑÑÑÑ
RT ÅÅÅÅ L 2
V=
i + 2 lnjjj
zzÑ
Å
j 2FDc0 − iL1 zzÑÑÑÑ
F ÅÅÅÅÇ FDN2
(9)
k
{ÑÖ

3. TIME-DEPENDENT BEHAVIOR OF THE SYMMETRIC
RESPONSE
This section considers the case where the bipolar system
satisﬁes a symmetry condition: L2|N2| = L3|N3|. We show that
except for electrical current density, the various current
densities are both time-dependent as well as spatially
dependent (eq 5). The consequences of the spatial and
temporal dependencies are discussed throughout this section.
These consequences are highly involved and, as a result, they
are divided into a number of subsections and ﬁgures.
Movie S1 presents the time-dependent behavior of the
concentration, electric potential, space charge distributions,
and ﬂuxes, as shown in the ﬁgures of this section (Figures
3−6). In Section 3.1 we start oﬀ by describing the solution just
before the application of the voltage, t = 0−, and immediately
after the application of the voltage, t = 0+, in a number of
ﬁgures. In Section 3.2 we discuss the intermediate timedependent behavior as well as the steady-state solution.
Before proceeding with the analysis, we note an interesting
observation. The steady-state salt current density is zero, j(t →
∞) = 0, but also, at time t = 0, this current is also zero, j(t = 0)
= 0, while at intermediate times the current is not zero, j ≠ 0.
That the initial state and the steady-state salt current density, j,
is the same implies that if the system is undergoing any kind of
dynamics, the behavior must be nonmonotonic. This is shortly
demonstrated.
3.1. Initial Times. In this subsection, we divide our analysis
into two smaller subsections: concentrations and electric

Here, we have assumed that L3 = 0 such that there is only one
charged region. Also, we have assumed ideal permselectivity
that results in j− = 0 such that j+ = j = i/F. This diﬀerence in
the j’s and i’s of the two cases is why eqs 8 and 9 diﬀer from
each other. These diﬀerences are discussed below. One last
comment is needed regarding the common nomenclature
associated with “unipolar” systems. It is common to denote
unipolar systems as a pore with two regions: one region that is
charged and one region that is not.55 Here, we denote any
system where only one region is charged as a “unipolar”
system. Our reason for this is based on a recent study25 that
showed that in 1D the noncharged region associated with the
unipolar system would change the limiting current such that
27625
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Figure 4. Time-dependent proﬁles for (a) ρe/F at the interface of regions 1 and 2 and (b) −ρe/F at the interface of regions 3 and 4 for V = 1.027 V.
The blue arrows indicate the direction of increasing time. The t = 0− and 0+ are indistinguishable from each other (see text).

ρe/F instead of ρe so that the plotted values have values with
the same units of the concentrations as those in Figure 3.
Consider the light gray line of t = 0± where it is visible that in
regions 1 and 4 the nonelectroneutral region is conﬁned to the
interfaces of the diﬀusion layers with the permselective regions.
Elsewhere in regions 1 and 4, the electrolyte is electroneutral
(ρe = 0). In contrast, in regions 2 and 3, the positive and
negative concentrations are not equal, such that ρe ≠ 0 (Figure
3a,b). This diﬀerence can be attributed to the eﬀects of the
excess counterion concentrations N2 and N3.
3.2. Intermediate and Steady-State Dynamics. In this
subsection, our analysis is divided to focus on four aspects of
the time-dependency of the system: concentrations (Section
3.2.1), space charge density (Section 3.2.2), ﬂuxes (Section
3.2.3), and transport number (Section 3.2.4).
3.2.1. Concentrations. While j(t = 0) = 0 and j(t → ∞) = 0,
at intermediate times j ≠ 0. As a result, the resultant dynamics
is quite remarkable. Let us ﬁrst consider the time-dependent
behavior of the concentration in region 1, c1 (Figure 3a).
Indeed, it can be observed that the proﬁle c1(t = 0) equals the
steady-state proﬁle c 1 (t → ∞). At early times, the
concentration decreases until the gradient reaches a maximal
value. At later times, there is a reversal whereby the gradient is
reduced such that the proﬁle eventually returns to its initial
equilibrium state. This is the expected nonmonotonic
dynamics predicted at the beginning of Section 3.
3.2.2. Space Charge Density. The nonmonotonic changes
observed in the concentrations also hold for the space charge
density (Figure 4). These dynamics are better understood
upon comparison with unipolar systems. In ideal unipolar
systems, upon the application of potential drop, the proﬁle
monotonically changes56 from an equilibrium proﬁle to its
eventual steady-state linear proﬁle; this can be linked to j = i/F
≠ 0, whereby the current is spatially independent. In contrast,
for bipolar systems, both j and i have independent behaviors.
Another implication for j ≠ i/F is the change of concentration
polarization (CP) dynamics. In unipolar systems, conservation
of electrical current densities requires that the current is equal
everywhere (Ohm’s law, eq 7). Thus, a classical signature of
CP is the formation of a depleted region and an enriched
region at the two diﬀerent interfaces.57 Here, we observe a
drastically diﬀerent behavior. We see that in both diﬀusion
layers (regions 1 and 4), we have the formation of a depleted
region (Figure 3a) whereby the space charge density (Figure
4) develops in an antisymmetric manner [such that ρe,1(x,t)/
ρe,4(x,t) = −1]. Observe that the space charge density starts in

potential (Section 3.1.1) and space charge density (Section
3.1.2).
3.1.1. Concentrations and Electric Potential. Figure 3 plots
the time-dependent concentration and potential distributions
for a potential drop of V = 1.027 V. At t = 0−, the system is in
an equilibrium state, given by the dashed light gray lines
whereas the t = 0+ solution is given by the solid light gray lines.
Note that the concentrations (Figure 3a,b) and space charge
density (Figure 4) at t = 0− and 0+ are indistinguishable from
each other. This is in contrast to the electric potential. The
reason for this is discussed shortly. Note that at t = 0±, the
concentrations in regions 1 and 4 are their bulk values, c±1,4 = c0,
and the t = 0− potential in these regions is zero, ϕ1,4 = 0. In
regions 2 and 3, the behavior of the concentrations is diﬀerent.
Here, we have considered the case where both |N2,3| ≫ c0,
which corresponds to c+2 ≅ N2 and c−2 ≅ c20/N2 and c−3 ≅ −N3
and c+3 ≅ −c20/N3.
Due to the co-ion exclusion in regions 2 and 3, the t = 0−
potentials in these regions are given by the Donnan
potentials,37 ϕ2 = ϕth ln(c0/N2) and ϕ3 = ϕth ln(−N3/c0),
where ϕth = RT/F ≈ 0.0257 V is the thermal potential. Three
comments are in order. First, it should be noted that the
“peculiar” value of V = 1.027 V corresponds to V = 40ϕth.
Second, the jump in the electric potential occurs over a very
thin layer, the electric double layer (EDL), which is
characterized by the Debye length λD = ε0εrRT /2F 2c0 .
The EDL is much smaller than the diﬀusion layers,
λD ≪ L1,4, and, as such, it might appear that the jump is
discontinuous. However, in our numerical scheme, we resolve
the sharp changes of the concentration and electric potential in
a continuous manner. The numerical scheme and its validation
are discussed further in the Supporting Information (Figures
S1 and S2). Third, while the t = 0± solutions do not diﬀer for
the concentrations, they diﬀer for the electric potential. The
reason for this can be attributed to our previous observation
that the concentrations (and j) are explicitly time-dependent
and depend on the diﬀusional time scale. Hence, the change is
slow such that the concentration gradients do not form
instantaneously j(t = 0±) = 0 (eq 5). In contrast, the electrical
potential, ϕ, and the electrical current, i, are only implicitly
time-dependent through the concentrations. Hence, to sustain
an electrical current, a potential gradient must form
instantaneously. This is shown in the solid light gray lines in
Figure 3c.
3.1.2. Space Charge Density. In Figure 4, we plot the space
charge density in the diﬀusion layers near the EDLs. We plot
27626
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Figure 5. (a) Spatial proﬁles of the diﬀerent ﬂuxes (j+, j−, j, and i/F) at four diﬀerent times for V = 1.027 V. (b1) Space−time distribution of the
cationic transport number, τ+, for the same voltage. (b2) Zoomed view of the marked green box from (b1).

interface j−1 (x = −L2) ≈ 0, but elsewhere j−1 (x) ≠ 0. That the
ﬂux is not zero is because negative ions move in the opposite
direction of the electric ﬁeld that points toward positive x such
that negative ions move toward the bulk located at x = −L1 −
L2. In contrast, the positive ions are transported through region
2 and move toward positive x. The reason that |j+| > |j−|, such
that j ≠ 0, is that for j+, the diﬀusion and electromigration are
aligned in the same direction while for j− they are in opposite
directions. The nonzero value of j is what leads to the
depletion observed at the interface of regions 1 and 2 at earlyto-intermediate times (Figures 3a and 4). However, at steady
state, the symmetry condition L2|N2| = L3|N3| leads to j(t →
∞) = 0 such that the concentration behavior and space charge
density structure revert to their initial state. In contrast, the
electric potential does not return to its original state and we
observe regular Ohmic linear drops across each region.
Thus far, we have considered only region 1. However, if we
were to consider region 4, similar arguments would hold with a
reversal of the roles of the positive and negative ions and the
direction of motion of the ﬂuxes. Because of the symmetry of
the problem, one should expect that the solution will be either
symmetric or antisymmetric. In fact, we show that j is
antisymmetric [such that j(x) = −j(−x)] around x = 0 at the
interface of regions 2 and 3 (Figure 6a−c). This antisymmetry
is indeed why both interface 1−2 and interface 3−4 have
depletions.
3.2.4. Transport Number. The transient dynamics observed
in these bipolar systems leads to another peculiarity not
observed in unipolar systems: the spatial and temporal
dependency of the transport number τ. The cationic transport
number characterizes the ratio of the positive ﬂux to the total
electrical current, τ+ = j+/(j+ − j−) = 1 (1 + Fj/i). Until now,
2
primarily in unipolar systems, this number has been assumed
to be a constant that characterizes the system.50,52,63,64
However, we have demonstrated i(t) and j(x,t) such that

its equilibrium state (Figure 4). It then proceeds to develop a
nonequilibrium structure56,58,59 and it then reverts to its initial
equilibrium structure! To the best of our knowledge, this is the
ﬁrst time double depletion layers (Figure 3a) and nonmonotonic change in the space charge structure (Figure 4)
have been reported. The consequences are likely very
important for the eﬀects of electroconvection,31−33,54,60−62
and we are already considering this for future studies.
3.2.3. Flux Densities. To understand the nonmonotonic
behavior, we must consider the spatial and temporal behaviors
of the ﬂux densities in each region. Figure 5a plots the ﬂuxes j+,
j−, j, and i/F as a function of space for four diﬀerent times. For
the sake of simplicity, our analysis focuses on each of these four
times that represent early times, intermediate times, and steady
state. In Figure 6a−c, we have plotted the space−time
responses of j+, j−, and j, which show continuous changes of
the ﬂuxes.
We ﬁrst consider the electrical current density, i. Figure 5a
demonstrates that the electrical current density is indeed
spatially independent but is time-dependent (Figure 6d). Here,
we note that upon application of the potential drop, the
electrical current exhibits a rapid decrease at early times, which
is followed by a slow increase until reaching steady state. Here,
for presentation purposes, we have not plotted i until it reaches
steady state. However, it is important to note here that this
nonmonotonic behavior of the electrical current density is
diﬀerent from that of classical unipolar systems60 whereby the
current and electric potential drops are monotonic.
In contrast to the electrical current density, the salt current
density, j, exhibits both spatial and time-dependent behaviors.
This can be attributed to the co-ion exclusion in regions 2 and
3. Consider region 2 where the counterion concentration, c+2 ≅
N2, is much larger than the co-ion concentration, c−2 ∼ O(c20/
N2). This ensures that j−2 ≈ 0 while j+2 ≠ 0. Since j−2 ≈ 0 and
ﬂuxes must be continuous across the system, then at the
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Figure 6. Space−time distributions of (a) the cationic ﬂux, j+, (b) the anionic ﬂux, −j−, and (c) the salt ﬂux, j, respectively, for V = 1.027 V. (a2−
c2) Zoomed view of the early times of (a1)−(c1). (d) Electric current−time, i(t), response of the system for positive and negative potential drops.
Inset 1, i(t) for early times. Inset 2, i(t) for later times. (e) Time-dependent rectiﬁcation factor, RF(t).

Figure 7. (a) Current density−voltage (i−V) response curves and (b) a semilog plot of rectiﬁcation factor, log10(RF), for diﬀerent values of N3.
The inset of (a) is a zoomed view of the negative voltage near i = 0 showing that the limiting current there diﬀers from zero and is N3-dependent.
The blue arrows indicate the direction of increasing |N3|.

τ(x,t), whereby τ(x,t) reduces to a constant only at steady state

In this section, we have primarily considered positive
voltages. In the Supporting Information, we provide the
equivalent of Figures 3−6 for the case of negative applied
voltages (Figures S3−S6). The understandings obtained from

(Figure 5b). Hence, in general, the transport number is
actually time- and spatial-dependent.
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Figure 8. Steady-state distributions of (a) the cationic ﬂux, j+, (b) the anionic ﬂux, −j−, (c) the salt ﬂux, j, (d) the electric current ﬂux, i, (e) the
cationic transport number, τ+, and (f) the anionic transport number, τ−, as a function of N3 and V.

result that as |N3| decreases the bipolar curve gradually
transitions to the unipolar response. This is an outcome of the
strong dependency of the transport number on the value of
|N3|, as well as a weak dependency on the applied voltages.
Figure 8 plots a 2D phase space of the various ﬂuxes and
transport numbers on which we now expand.
4.2. Transport Numbers and Permselectivity. It is
useful to consider the behavior of the transport number of
unipolar systems.52 In unipolar systems (whereby N3 ≜ 0), the
counterionic transport number can vary between the two
extreme cases of τ+ = 1 and 1/2. The ﬁrst case corresponds to
highly selective systems when N2 ≫ 1 and co-ion exclusion is
almost complete. The second case corresponds to vanishing
selective systems when N2 ≪ 1 and the eﬀects of surface
charge are negligible such that the co-ion and counterion
concentrations are almost equal everywhere.
The transport numbers of bipolar systems are further
complicated. For the sake of simplicity, we demonstrate this for
a given large N2 ≫ 1. One would expect the system to be
highly selective. As we shortly show, the permselectivity of the
system is not determined solely by region 2 or region 3
separately but rather varies with a dependency on both N3 and
V. Thus, in the following, we try to mark a distinction between

the positive response carry through to there as well with some
diﬀerences. There, the dynamics is less involved. This can be
attributed to the fact that the electrical current density is
limited (Figure 1).

4. ASYMMETRIC STEADY-STATE RESPONSE
In this section, we consider the steady-state response for the
asymmetry case (i.e., L2|N2| ≠ L3|N3|). The asymmetry in the
system can be a result of geometry asymmetry24,26,65 or excess
counterion concentration asymmetry.21,55,66 We have numerically conﬁrmed that both mechanisms lead to similar results.
For the sake of brevity, we only demonstrate the excess
counterion concentration asymmetry while maintaining geometric symmetry.
Our ﬁndings are divided into four subsections that focus on
the current−voltage response (Section 4.1), transport numbers
and permselectivity (Section 4.2), rectiﬁcation factor (Section
4.3), and space charge densities (Section 4.4).
4.1. Current−Voltage Response. Figure 7a plots the
steady-state i−V curves for a number of diﬀerent values of N3
for the case that L1,2,3,4 are all identical. At the two extreme
ends are the symmetric system (black line), |N3| = |N2|, and the
unipolar system (gray line), N3 = 0. We observe the expected
27629
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Figure 9. Steady-state proﬁles for (a) cation concentration, c+, (b) anion concentration, c−, and ρe/F at (c) the interface of regions 1 and 2 and (d)
at the interface of regions 3 and 4 for V = 1.027 V. The blue arrows indicate the direction of increasing |N3|.

strongly with N3. In the limit that N3 = 0, the unipolar analysis
is recovered. However, when the system is not unipolar, we
have shown that even when both |N2,3| ≫ 1 and one
“intuitively” expects that since each region is highly selective
then the entire system is highly permselective, the exact
opposite result is recovered: the system is vanishingly
permselective. Hence, special care should be taken when
considering permselectivity in bipolar systems.
4.3. Rectiﬁcation Factor. In general, the i−V response is
asymmetric around V = 0. The degree of asymmetry is
quantiﬁed through the rectiﬁcation factor

the selective capability of each region and the permselectivity
of the entire system. Such a distinction is slightly artiﬁcial and
yet it is helpful to note that selectivity and permselectivity are
not one and the same.
We ﬁrst consider the eﬀects of N3 and then the eﬀects of V.
On the one end, when N3 = 0, we have j− = 0 and j+ = j = i/F,
while at the other end, we have |N3| = |N2| such that j+ = −j−, j
= 0, and I = 2Fj+. These two situations correspond to the
unipolar transport numbers of τ+ = 1 and τ− = 1 − τ+ = 0 and
bipolar transport numbers of τ± = 1/2. For a constant voltage,
a horizontal line in Figure 8 shows how the ﬂuxes and
transport numbers continuously vary with N3. The change in
all of these ﬂuxes can be associated with the degree of co-ion
exclusion in region 3. When N3 = 0, region 3 simply extends
the length of the diﬀusion layer of region 4. When |N3| = |N2|,
co-ions are almost completely excluded in both regions, but
surprisingly, the currents are not zero, j+3 ≠ 0. Hence, one
corollary is that the ability of region 2 to behave as an ideal
permselective material, through its transport number, is
strongly dependent on N3. In other words, the permselective
capability of a system is not just dependent on whether each
material is ideally selective on its own but rather the eﬀective
permselectivity of the system is determined by an interplay of
the geometry and the surface charges.
Considering a vertical line in Figure 8 (i.e., constant N3), we
see that the ﬂuxes are strongly dependent on the voltages. Such
a result makes physical sense. Larger voltages increase the
currents. However, interestingly, we see that the transport is
only weakly dependent on the voltage. This is in contrast to
unipolar systems whereby the transport number showed a
(slightly) stronger dependence on voltage.50
Thus, we have shown that the transport number of the
system, which serves as a proxy for permselectivity, varies

RF =

iV > 0
iV < 0

(10)

which is the ratio of electrical current densities for the case of
positive and negative applied potential diﬀerences. Figure 7b
plots the rectiﬁcation factors for the curves in Figure 7a. It can
be observed that the value of RF can be as small as O(1) for
the unipolar system, N3 = 0, but it can be of O(103) for |N3| =
|N2|. Controlling the rectiﬁcation factor is of utmost interest
because it is perhaps the most important characteristic of a
diode. Importantly, as |N3| decreases, the overall response
decreases as well.47 This change in response is of particular
importance for biosensing. In biosensing, protein adsorption
onto the channel surface neutralizes the surface charge density,
which in turn changes the response.21 Other mechanisms that
can vary the surface charge (including switching the sign of the
charge) include pH regulation,15,67 multivalent ion interactions
with the surface,68,69 and selective binding molecules attached
to the surface.70−72
Another point to consider with regard to RF is related to the
time-transient behavior. It is typically assumed that RF is
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Figure 10. Time-dependent proﬁles of the concentrations, c+ (solid lines) and c− (dashed lines), the potential, ϕ, and ρe/F for the same times for V
= 1.027 V. (a) Concentration proﬁles in all four regions where the maximal concentration is about twice that of the bulk value, 2c0. (b) Spatial
distribution of the electric potential. The space charge density, ρe/F, in (c) region 1 and (d) region 4. The blue arrows indicate the direction of
increasing time.

N3 is reduced to the case of a unipolar system, it can be
observed that the space charge density transitions to a quasiequilibrium structure, and eventually the nonequilibrium
structure appears (Figure 9c). The equivalent of Figure 9 for
the case of negative voltage is given in the Supporting
Information (Figure S7). Here, the space charge density at
interfaces 1−2 and 3−4 appears to always be in a quasiequilibrium-like structure.

calculated to characterize the asymmetry of the steady-state i−
V response. This is shown in Figure 7b. However, eq 10 can
also be used to characterize the degree of asymmetry of the
time-dependent response for ±V. Figure 6d shows the i(t)
curves for V = ±1.027 V. Figure 6e shows RF(t). To the best
of our knowledge, this is the ﬁrst time that RF(t) is used to
characterize time-transient response. There are also additional
mechanisms for controlling RF, including varying the geometry
of the permselective regions,24,65 changing the geometry of the
diﬀusion layers,51 and varying the bulk concentrations at the
two ends of the system.73,74
The inset of Figure 7a is a zoom-in of the i−V at negative
voltages where it can be observed that the limiting currents are
not zero and that they highly depend on the value N3. We can
provide two extreme limits of the limiting current. For unipolar
systems (N3 = 0), we ﬁnd from eq (9) that ilim = −2FDc0/(L3 +
L4), while for symmetric systems, we have ilim = 2FDc20/N3L3.
4.4. Space Charge Density. The change of the i−V with
N3 can also be attributed to the change of the steady-state
concentration proﬁles, c± (Figure 9a,b), and space charge
density proﬁles, ρe (Figure 9c,d), with N3. For a given voltage
drop, it can be observed that the eﬀects of CP become more
dominant as the system transitions from a symmetric bipolar
system to a unipolar system. The gradients become sharper,
and, eventually, the concentration near the interface is
completely depleted. We also see that as we transition to a
more unipolar system, the eﬀects of enrichment also become
more pronounced in region 4. Due to enrichment, the space
charge density is always in a quasi-equilibrium structure
(Figure 9d). In contrast, in the depleted side, the symmetric
case L3|N3| = L2|N2| has the expected equilibrium structure. As

5. TIME-DEPENDENT BEHAVIOR OF THE
ASYMMETRIC RESPONSE
In Section 3, we saw that for the symmetric case two-timedependent depletion regions arise while in Section 4, we saw
that the asymmetric case has both a depleted region and an
enriched region. In this section, we consider the timedependent asymmetric response (when L2|N2| ≠ L3|N3|) and
show that the results are a combination of both behaviors with
some diﬀerences. In this section, we highlight the main shared
features and diﬀerences of the concentrations (Section 5.1),
space charge density (Section 5.2), and the electric potential
(Section 5.3)
5.1. Concentrations. Figure 10a plots the time-dependent
distributions of concentration for V = 1.027 V. In region 1, it
can be seen that the expected depletion is formed, but in
contrast to Section 3, here the response is monotonic, and we
obtain the formation of the expected linear proﬁle. In region 4,
we see that at early times, the system is ignorant of what is
supposed to occur at large time scales and a depletion region is
formed. Only at intermediate times does the depletion reach a
maximum and eventually at later times transitions to an
enriched region.
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5.2. Space Charge Density. The change in the behavior
of the concentration also aﬀects the behavior of the space
charge density. Figure 10c shows the space charge density in
region 1 where we see that a nonequilibrium space charge layer
is formed. This is in contrast to Figure 4 where the
nonequilibrium space charge layer reverted to its equilibrium
structure. Figure 10d shows the space charge density in region
4 where we see that a nonequilibrium structure is formed at
early times. However, it reverts to the equilibrium structure at
later times. In contrast to Figure 4 where this occurs because j
= 0, here, this occurs because region 4 is enriched and does not
support a nonequilibrium structure. In contrast to Figure 4
where the space charge density is evolved in an antisymmetric
manner, in Figure 10, it is clear that this response is no longer
antisymmetric.
5.3. Electric Potential. The combined behavior of the
concentrations and space charge density can also explain the
behavior of the electric potential distribution for the
asymmetric case. In Figure 3, it can be observed that the
potential across the system is antisymmetric around x = 0.
Importantly, at steady state, it can be observed that the
potential drops across regions 1 and 4 are equal. In Figure 10b,
the potential drops across regions 1 and 4 are not equal. This is
because of the asymmetry of depletion and enrichment. On the
depleted side, most of the drop is not across the bulk but
rather across the thin extended space charge layer, which
results in sharp gradients.
Movie S2 presents the time-dependent behavior of the
concentration, electric potential, space charge distributions,
and ﬂuxes, as shown in the ﬁgures of this section. Also, Figure
S8 provides the space−time distributions of the ﬂux densities
and transport numbers for the case of an asymmetric system. It
can be observed that the main diﬀerence here vs Figure 6 is
that the ﬂuxes here are not symmetric. Such a result is no
longer surprising. Also, the negative voltage response is given
in the Supporting Information (Figure S9).

In steady state when (L2|N2|)/(L3|N3|) ≠ 1, Section 4, we
investigated the change of the i−V response as N3 is varied
(Figure 7). We show that the transition from an ideal unipolar
system (N3 = 0) to an ideal bipolar system (N3 = −N2) is
continuous. This change is of particular importance for
biosensing, whereby the response of the system changes
upon introduction of a bioagent that adsorbs onto the surfaces
and changes the eﬀective surface charge of the system. As it
does so, it changes the i−V response.
Naturally, the time-dependent response of an asymmetric
system (L2|N2|)/(L3|N3|) ≠ 1, discussed in Section 5, contains
within it a conglomeration of eﬀects. However, the concepts
discussed in Sections 3 and 4 are able to describe these
behaviors.
The results of this work are robust and go beyond simple
nanoﬂuidic diodes: they hold for any permselective material
(as described in Section 1). To further increase the robustness,
here, we have included the eﬀects of microchannels. In
desalination systems, the microchannels represent the dilute
feed and concentrated brine. Thus, to realistically model an
electrodialysis system, these regions must be accounted for. As
we have shown, the space charge densities transition to
nonequilibrium structures. Combined with electroconvection,
we expect to ﬁnd the formation of electroconvective instability
for positive and/or negative applied voltages. Understanding
the eﬀects of electroconvection in bipolar systems is extremely
interesting and likely helps with the eventual improvement of
bipolar desalination systems. Also, of notable importance that
should be considered in future studies are the eﬀects of water
dissociation (i.e., four species).

■

Research Article

ASSOCIATED CONTENT

sı Supporting Information
*

The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acsami.1c05643.
Details on numerical simulations (numerical scheme,
initial conditions, and code validation); time-dependent
response of a “symmetric” system to a negative voltage
(complementary to Section 3); concentration and space
charge density proﬁles for negative voltages (complementary to Figure 9); and time-dependent response of
an “asymmetric” system to a negative voltage (complementary to Section 5) (PDF)
Time evolution of the concentration, electric potential,
space charge distributions, and ﬂuxes of the “symmetric”
system as shown in the ﬁgures of Section 3 (Movie S1)
(AVI)
Time evolution of the concentration, electric potential,
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6. CONCLUSIONS
In this work, we have systematically studied the timedependent and steady-state responses of nanoﬂuidic diodes.
In particular, we have considered how the ratio
(L2|N2|)/(L3|N3|) determines the overall response of the
system. Namely, we have shown that this ratio of geometry
and excess counterion concentrations determines the timetransient and steady response of the system. Moreover, in our
approach, we have gone beyond the current paradigm and we
have included the eﬀect of the adjacent microchannels.
Inclusion of the microchannels led us to a number of
interesting discoveries. Initially, we considered the timetransient problem of the symmetric problem,
(L2|N2|)/(L3|N3|) = 1, in Section 3. First, we showed that
one obtains a surprising result where both microchannels
exhibit depletion eﬀects. Second, the distribution of the
concentration and the space charge density show a surprising
nonmonotonic behavior where they eventually return to their
initial equilibrium distributions (Figures 3 and 4). Third, we
showed that the time-dependent behavior of the various ﬂuxes
in the system is instrumental in determining the response of
the system (Figures 5 and 6). Four, we showed that the timedependent behavior of the ﬂuxes also leads one to consider the
time-dependent behavior of the transport number (Figure 5b)
and the rectiﬁcation factor (Figure 6e), which until now have
been considered to be steady-state properties.
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