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Effects of three-dimensional geometric field focusing on concentration polarization
in a heterogeneous permselective system
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The current study extends previous two-dimensional (2D) analysis of concentration polarization to account
for three-dimensional effects in realistic heterogeneous ion-permselective systems, e.g., microchamber-nanoslot
devices. An analytical solution of the electrodiffusive problem, decoupled from electroconvection along with
the local electroneutrality approximation, was obtained using the separation of variables technique. It is able to
account for the previously neglected effects of microchamber and nanoslot heights on concentration polarization
in terms of concentration profiles, limiting current, and current-voltage curves. The resultant heterogeneity in the
third dimension adds to that already existing in the 2D in plane problem to further increase geometric field-focusing
effects. As a result the currents no longer scale linearly with the nanoslot area, but rather depend on its shape and
relative size compared to that of the nonconducting region (i.e., level of heterogeneity). This is turn leads to pronounced current density intensification with increased system heterogeneity found to be in qualitative agreement
with previously reported experiments in which both microchamber and nanoslot geometries were varied.
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I. INTRODUCTION

Ion transport through permselective media (membranes or
nanoslots) under an applied electric field, is characterized
by ionic concentration gradients which result in regions of
depletion and enrichment at opposite ends of the medium [1].
An electroneutral diffusion layer (DL) with ion concentration
gradient appears near the depleted side of the electrolytemembrane interface to enhance the counterion flux via diffusion. In this low-voltage region, the I -V behavior is Ohmic
until the diffusion limited current saturates when both ion
concentrations are completely depleted at the surface [2]. The
observation of an “overlimiting current” prompted later works
[3] to extend the above local electroneutral (LEN) approach
to account for a space charge layer (SCL), much thicker than
the electric Debye layer (EDL), that can appear between the
EDL and the electroneutral DL to sustain a slightly larger than
limiting current density. Other mechanisms responsible for the
large but finite differential resistance in the limiting-resistance
region of a microchannel-membrane system include the effects
of side walls which are charged [4], either via surface
conductance [5], electro-osmotic flow (EOF), or nanochannel
surface charge regulation [6]. At large enough voltages, the
linear EOF described above is dominated by nonlinear EOF of
the second kind [7], stemming from the action of the electric
field on the induced SCL. The role of electroconvection in
either case is to suppress the diffusive propagation of the
concentration-polarization (CP) layer towards the electrode
and select a much smaller depletion layer thickness on
the size of the vortex. The subsequent enhanced diffusion
limited currents yield “overlimiting currents” well above the
theoretically predicted one-dimensional (1D) limiting value.
Dukhin’s classical treatment of EOF of the second kind [7]
necessitates a nonvanishing tangential electric field component
to drive the SCL induced by the normal (to the permselective
surface) component of the same electric field. Hence, the
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introduction of surface curvature (e.g., [7,8]) enhances this
effect. However, in pseudo-1D systems, e.g., homogeneous
membranes, the tangential field vanishes and with it, so does
the driving electric body force in the Stokes equation leading
to quiescent flow conditions. Rubinstein and Zaltzman [9,10]
were the first to identify that beyond a critical voltage, the SCL
becomes unstable, resulting in an electrokinetic instability
which manifests itself as an array of electroconvective vortices
that control the size of the depletion layer, in turn leading to
an abrupt increase of the overlimiting current. This prediction
was confirmed experimentally using both a wide nanoslot [11]
and a nanoporous membrane [12]. The interplay between these
two, i.e., Rubinstein-Zaltzman [9] and Dukhin [7], electroconvective mechanisms has recently been studied numerically for
modulated surfaces [13] and observed experimentally for flat
heterogeneous surfaces [14].
It is clear that in heterogeneous systems, such as membranes
with partly conducting surface area [15] or fabricated micronanochannel systems [14,16–19], the Dukhin mechanism
dominates, commonly resulting in strong corner vortices that
stir the flow and in turn control the length of the diffusion
layer. However, aside from these electroconvection effects,
field-focusing effects alone stemming from the physical twodimensional (2D) and three-dimensional (3D) geometries can
affect the electrodiffusive solution to yield CP with much larger
concentration gradients. It was shown that for ideal 2D polar
(i.e., wide nanoslot) [16] and 3D spherical (i.e., nanopore)
[17] field-focusing conditions, the concentration profile scales
logarithmically and inversely, respectively, with distance from
the membrane interface when compared with the 1D linear
behavior. These significantly larger gradients lead to a corresponding increase of the current density and result in an effectively shorter DL length, thereby reducing the importance of
the electroconvective contribution in the suppression of the diffusive propagation in such geometrical field-focusing systems.
Analytical solutions of the CP for a 2D heterogeneous membrane with quasiperiodicity have been obtained previously
[20–22]. Additionally, the incorporation of a thin charged
coating placed adjacent to the heterogeneous surface has been
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successfully used to analytically explain the experimentally
observed intensification of the limiting current when compared
to the case of no coating [21,22]. The coating was able to alter
the characteristic behavior of the heterogeneous membrane to
be more similar to that of the more expensively produced homogeneous membrane. However, in order to account for 3D CP
effects in realistic designs of heterogeneous ion-permselective
systems, i.e., microchamber-nanoslot devices, these previous
2D analysis studies are extended herein to the 3D case.
In Sec. II, we present a theoretical model of a 2D and 3D
heterogeneous microchamber-permselective surface undergoing CP, considering the effect of geometric field focusing on
the concentration and electric potential distribution as well
as the resulting I -V curves. In Sec. III, we numerically solve
the coupled Poisson-Nernst-Planck (PNP) equations in the 2D
case to validate our analytical results. Concluding comments
appear in Sec. IV.
II. THEORETICAL MODEL
A. Key assumptions

The steady-state electrokinetic ionic transport of a symmetric and binary electrolyte (z+ = −z− = 1), with ions of equal
diffusivity (D+ = D− = D) is governed by the dimensionless
PNP and Stokes equations
∇ · [∇c+ + c+ ∇φ − Pe (uc+ )] = −∇ · j + = 0,

(1)

∇ · [∇c− − c− ∇φ − Pe (uc− )] = −∇ · j − = 0,

(2)

∇ 2 φ = − (c+ − c− ) /(2δ 2 ),

(3)

∇ · u = 0,

(4)

− ∇p + ∇ 2 φ∇φ + ∇ 2 u = 0,

(5)

wherein Eqs. (1) and (2) are the Nernst-Planck equations
satisfying the continuity of ionic fluxes under steady-state
conditions. The cationic and anionic concentrations c̃+ and c̃− ,
respectively, have been normalized by the bulk concentration
c0 . The spatial coordinates have been normalized by the DL
length L̃, while the ionic fluxes have been normalized by
Dc0 /L̃. The tilde stands for the parameter in its dimensional
form. Equation (3) is the Poisson equation for the electric
potential φ̃, which has been normalized by the thermal
potential RT /F where R is the universal gas constant, T is
the absolute temperature, and F is the Faraday constant. The
Debye layer

ε0 εr RT
λD =
(6)
2F 2 c0

by the following values:


ε0 εr RT 2
μu0
, p0 =
,
u0 =
F
L̃
μL̃

(8)

where μ is the dynamic viscosity of the electrolyte. Additionally the electroconvective Péclet number is given by


ε0 εr RT 2
u0 L̃
=
.
(9)
Pe =
D
μD
F
It is apparent that Pe is a property of the electrolyte and
not dependent on the geometry or the bulk concentration. The
nonlinear coupling of Eqs. (1)–(5) implies that an analytical
solution may only be obtained by making a number of alleviating assumptions. For a water based electrolyte, typical values
of the physical parameters are εr = 80, T = 298 K, and μ =
10−3 Pa∗ s and D = 10−9 m2 s, yielding Pe ≈ 0.5.
Rubinstein [20] argued that while in a 1D system there is
only one natural length, i.e., the DL length L̃ that controls
the Péclet number, in a heterogeneous 2D system there is
an additional length scale (geometrically orthogonal to the
former) that comes from the width (W̃ in Fig. 1) of the
microchamber system. In the aforementioned analysis [20],
this width correlated to the periodicity cell length scale, e.g.,
spacing between adjacent membrane conducting regions. In
heterogeneous 3D systems—as studied herein—an additional
length scale arises from the height (H̃ in Fig. 1) of the
microchamber. While the electric term in Eq. (5) appears to
scale as L̃ −3 , the viscous term should scale as γ̃ −2 with γ̃ being
the minimum length scale out of (W̃ ,H̃ ,L̃) (Fig. 1), suggesting
that the velocity given in Eq. (8) and the Péclet number given in
Eq. (9) should be multiplied by the factor γ̃ 2 /L̃2 [20]. In many
microchannel-nanoslot systems the minimal microchamber dimension is the height H̃ . Typically the ratio H̃ /L̃ is of order (or
smaller than) 10−2 . Thus, the effective Péclet number is indeed
small and hence, it is possible as a first order approximation
to neglect the convective terms in Eqs. (1) and (2).
Thus, the system of Eqs. (1)–(5) are reduced to a simple set
of decoupled equations for the electrodiffusion and electroconvection problems. While the complexity of the systems
of equations is vastly reduced one should remember that
overlimiting currents are not possible without the inclusion
of the convective term on ionic species transport. Hence,
while the approximation of Pe = 0 holds in the low-voltage
Ohmic region of the I -V curve, at voltages beyond the Ohmic

is normalized by the diffusion layer to give
λD
.
(7)
L̃
Herein, ε0 and εr are the permittivity of vacuum and the
relative permittivity of the electrolyte, respectively. Equations
(4) and (5) are the Stokes flow equations consisting of the
electric body force term for an incompressible flow in the low
Reynolds limit. The velocity ũ and pressure p̃ are normalized
δ=

FIG. 1. (a) A schematic representation of a heterogeneous permselective system. The rectangular geometry has the dimensions of
W × L × H with the y-z as a symmetry plane. The origin is placed
at the bulk and the permselective region is placed at y = L. (b) View
of the x−z plane at y = L and (c) is a view of the x−y plane at z = 0.
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to limiting-resistance region transition corresponding to the
formation of SCL, convection effects become important. The
creation of SCL leads to the increase of current through
electroconvective instability [9,11,12] or increase of current
via the creation of corner vortices resulting from geometric
field focusing [7,14,16–18].
The additional accepted assumption of LEN [2,3,8–10,23],
δ  1, further simplifies the equations by replacing the Poisson equation [Eq. (3)] with the approximate condition c+ =
c− = c. Under these two principle assumptions (Pe = δ = 0),
Eqs. (1)–(3) reduce to

x direction (x = 0 and x = W are symmetry planes) and/or
in the z direction (z = 0 and z = H are symmetry planes)
interfacing a microchannel. Analogously, the above nanoslots
are the conducting regions of a heterogeneous membrane. One
last comment is needed—since the spatial coordinates have
been normalized by the DL length L̃, y is limited in the domain
of 0 and 1. For the sake of generality, we will use L instead
of 1.
The BCs at the bulk of the electrolyte are
c (x,y = 0,z) = 1,

φ (x,y = 0,z) = 0,

(15)

∇ · [∇c + c∇φ] = 0,

(10)

from which one obtains that the arbitrary constant in Eq. (14)
φ0 = 0, hence, yielding the relation

∇ · [∇c − c∇φ] = 0.

(11)

φ = ln c.

Requiring that ions do not penetrate the microchamber
walls and symmetry planes ( j ± · n = 0) as well as requiring
electrical insulation ∂φ/∂n = 0 at the microchamber walls and
symmetry planes translates into

B. Governing equations and boundary conditions

Addition and subtraction of Eqs. (10) and (11) yields
∇ 2 c = 0,

(12)

∇ · (c∇φ) = 0.

(13)

Assuming an ideal cation permselective membrane means
that the impermeability of anions condition is satisfied
throughout the system ( j − · n = 0 wherein n is the coordinate
normal to the surface). Thus, for steady-state conditions this
necessarily suggests j − = 0 everywhere in the system which
can be readily shown to yield
φ − ln c = φ0 ,

(16)

(14)

wherein the electric potential is determined up to an arbitrary
constant φ0 . Solution of these equations requires supplementing the appropriate boundary condition (BC). Our 3D system
is defined in Fig. 1 within the domain x ∈ [0,W ] , y ∈ [0,L],
and z ∈ [0,H ]. The bulk electrolyte is defined at y = 0 and
the heterogeneous permselective surface exists at y = L
and within x ∈ [0,w] , z ∈ [0,h]. Such geometry realistically
describes the case of a single nanoslot (x = 0 is a symmetry
plane), and/or a periodic array or matrix of nanoslots in the

∂c
= 0.
∂n

(17)

This can be written explicitly as
cz (x,y,z = 0) = cz (x,y,z = H ) = cx (x = 0,y,z)
= cx (x = W,y,z) = 0.

(18)

At the permselective surface located at y = L a simplifying
assumption of uniform ionic current density is used [21]:

−i/2,0  x  w,0  z  h
(19)
cy (x,y = L,z) =
0, else,
with i (= |i|) being the dimensionless current density
through the ion-permselective boundary. In an ideal permselective membrane ĩ = F j̃ + , or in dimensionless form i = j +
wherein the current density has been normalized by F Dc0 /L̃.
From Eqs. (12), (15), (18), and (19) one obtains, using the
separation of variables technique, the following expressions
for the 3D concentration distribution:

∞
2ī 
sin λn w sin γm h
ī
cos λn x cos γm z sinh κn,m y
c3D (x,y,z) = 1 − y −
2
wh n,m=1 κn,m λn γm cosh κn,m L
∞
∞
ī  sin γm h
ī  sin λn w
cos λn x sinh λn y −
cos γm z sinh γm y,
−
w n=1 λ2n cosh λn L
h m=1 γm2 cosh γm L

where ī = i(w/W )(h/H ) is the average current density
through the entire membrane surface (including active, i.e.,
conducting, and nonactive regions) and

πn
πm
, γm =
, κn,m = λ2n + γm2
(21)
λn =
W
H
are the eigenvalues of the problem.
Before proceeding with analysis of the 3D problem, it will
be useful to consider the 1D and 2D problems. We remind the
reader of the well-known 1D case for which the concentration

(20)

profiles [obtained from Eq. (20) with w = W, h = H ] and
current-voltage relation are given by [2,3]
y
c1D (y) = 1 − ī ,
2

(22)

2
(1 − e−V /2 ),
L

(23)

ī =

wherein V is the voltage drop between the bulk and the
permselective surface resulting from the application of an
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external constant current and the average current density is
given by ī = i. Equation (23) shows that the current has a
limiting value which cannot be surpassed (ī → 2 for V → ∞).
However, for large enough voltage the assumption of LEN,
which holds only until ∇ 2 φ ∼ O(1/δ 2 ), breaks down resulting
in the appearance of the SCL.

expression with a finite number of terms (Eq. 110 of Ref. [20]).
Similarly, a particular solution of Eq. (25) can be obtained for
these same two limits (w/W  1, W/L  1) (Eq. 111 of
Ref. [20]):


L
1 − ln (π w/W ) −1
(w/W 1,W/L1)
(w,W,L) =
.
+
I2D, lim
2W
π

C. 2D analysis

(26)

The 2D case can occur when either h → H or w → W .
Both are equivalent and for the sake of clarity we shall
consider only the former. Substitution of h = H into Eq. (20)
yields
∞
ī
ī  sin λn w
c2D (x,y) = 1 − y −
cos λn x sinh λn y,
2
w n=1 λ2n cosh λn L

In fact, a general solution exists for any w/W ratio so long
as W/L  1. The Appendix provides the full derivation of the
general solution

−1
L
W
(W/L1)
j πw/W
− 2 Re[j Li2 (e
)]
,
I2D, lim (w,W,L) =
2W
π w
(27)

(24)

(25)

where Re denotes the real part, Li2 (θ ) is the polylogarithm of
the second order and argument θ , and j is the imaginary unit.
Equation (27) shows that the limiting current is now a distinct
function of two nondimensional geometric ratios w/W and
L/W . The term w/W expresses the degree of heterogeneity
of the system with 1 being a homogeneous system and 0 a
completely heterogeneous system.
Figure 2 compares the exact solution given by Eq. (25)
to the approximate solutions in Eqs. (26) and (27), along
with an additional approximation for w/L  1 and w/W 
1 previously derived assuming polar field focusing with
azimuthal symmetry [16]
π
(w→0)
I2D,
.
(28)
lim (w,L) = −
ln (w/L)

In his work, Rubinstein [20] showed through rigorous
asymptotic expansion that for the case of a very narrow
permselective interface, w/W  1, and by also assuming
W/L  1, the concentration [Eq. (24)] could be reduced to an

It is evident that although our approximation in Eq. (27)
assumes W/L  1 it is in excellent agreement with the
exact solution [Eq. (25)] for varying values of W in the
entire range of w/W . However, the approximate solution

which is the solution for the 2D problem given in previous
works by Rubinstein and co-workers for nonhomogeneous
permselective interfaces [20,21]. The geometry of such a
system is given in Fig. 1(c). We note that in 2D, the terms
for the average current density and current per unit height
(in the z-coordinate direction) are given as ī = i (w/W ) and
I = īW = iw (normalized by F DC0 ), respectively. Requiring
c2D (x = 0,y = L) = 0 yields an expression for the limiting
current

−1
∞
L
1  tanh λn L sin λn w
(exact)
+
I2D, lim (w,W,L) =
.
2W
wW n=1
λ2n

(a) 2.5

(b)

4

0.22

10

(exact)

I2D lim

0.21

(w/W 1,W/L 1)
I2D lim
−Eq. (26)
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10

I
I

(W/L 1)
−Eq. (27)
2D lim
(w→0)
−Eq. (28)
2D lim

I

ilim
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I

−Eq.(25)
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FIG. 2. (Color online) Semilogarithmic plot of the 2D limiting current versus the nanochannel-interface width ratio w/W and L = 1 for
the cases (a) W/L = 1 and (b) W/L = 0.1. The inset of part (a) shows the intensification of the current density (ilim = I /w) due to the
field-focusing effect.
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[Eq. (26)], which assumes both w/W  1 and W/L  1, has
an increasing discrepancy from the exact solution for values
of w/W approaching one. For the case W = L, as expected
Eq. (28) agrees well for w/W  1, as these two conditions
are requisites for ideal polar field focusing. However, at
sufficiently large w/W it substantially diverges from the
other solutions due to the departure from the assumption
of ideal polar field focusing. It should be noted that the
approximate solution, Eq. (26), clearly portrays the logarithmic nature of 2D limiting current behavior. The logarithmic
scaling of the current is also apparent from the inset of
Fig. 2(a), where the current density i = I /w is drastically
intensified.
The potential drop V between the bulk and the permselective surface resulting from the application of a constant applied
current (i.e., beyond the Donnan potential jump [23,24]) is
determined by requiring continuity of the electrochemical
potential (assuming a quasiequilibrium EDL that is formed
at the micro- and nanochannel interface) at the center
(x = 0, y = L) of the permselective surface
(ln c + φ)|y=L− = ln N + (φ)|y=L+
= ln N + (−ln N − V ) = −V , (29)
where the −ln N term in parentheses accounts for the Donnan
potential jump [23]. Herein, y = L − corresponds to the
LEN solution within the microchannel just outside the EDL
formed at the micro- and nanochannel interface, while y =
L + corresponds to the solution within the nanochannel
where the counterion concentration is N while the coion

(exact)
I3D,
lim
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concentration vanishes (assuming
Eq. (16) in Eq. (29) yields

 L). Substituting

V = −2 ln c2D (x = 0, y = L) .

(30)

Using Eq. (24) and noting that I = īW yields an exact I -V
relation for 2D geometry,
(exact)
V2D
= −2 lnc2D (0,L)

∞
IL
I  sin λn w tanh λn L
= −2 ln 1 −
.
−
2W
wW n=1
λ2n

(31)
In the limit W/L  1 Eq. (31) can be simplified, as in
Eq. (27), to yield

IL
IW
(W/L1)
V2D
= −2 ln 1 −
+ 2 Re[j Li2 (ej πw/W )] .
2W
π w
(32)
For the sake of brevity we have displayed the plots of
Eqs. (31) and (32) in the following section where we have
compared them to the numerically calculated I -V ’s from
the 2D simulation.
D. 3D analysis

Returning to the 3D case, it is possible to extract both a
relation for the limiting current as a function of the geometry
by requiring c3D (x = 0, y = L, z = 0) = 0 in Eq. (20),


∞
∞ 

L
2
sin λn w sin γm h tanh κn,m L
1  sin λn w tanh λn L sin γn h tanh γn L
+
=
+
+
2W H
whW H n,m=1
κn,m λn γm
W H n=1
wλ2n
hγn2

−1

,

(33)

and a relation for the I -V similar to the 2D case by requiring continuity of the electrochemical potential [Eq. (30)]

∞
∞ 

2I
sin λn w sin γm h tanh κn,m L
IL
I  sin λn w tanh λn L sin γn h tanh γn L
(exact)
−
V3D = −2 ln 1 −
−
+
.
2W H whW H n,m=1
κn,m λn γm
W H n=1
wλ2n
hγn2
(34)
Herein the current (normalized by F Dc0 L̃) is related to the
average current density through I = īW H = iwh. Figure 3
illustrates the geometric dependence of the limiting current
on the geometry of the system for various w/W and h/H
ratios. When h/H = 1 (or w/W = 1), the 3D limiting current,
Eq. (33), corresponds according to the 2D limiting current,
Eq. (25). Additionally we may compare the solution given
by Eq. (33) to the approximation for a nanopore (of radius
h = w  1) assuming spherical field focusing [17,25]
(h=w→0)
(w,L) =
I3D,
lim

πw
.
1 − w/L

(35)

It is observed that despite the differences in geometry
(circular vs square permselective area), when w = h, the
solutions given by Eqs. (33) and (35) are similar up to a
small numerical factor. Although a monotonic decrease of the
limiting current with decreasing permselective surface area,

w/W , is seen in Fig. 3 as expected, due to the field-focusing
effects it can be shown, similarly to the inset of Fig. 2(a), that
an intensification of the current density exists.
Figure 4 shows the I -V curves for a heterogeneous permselective surface of varying width and given height similar to our
microchamber-nanoslot design [14,16,17]. For a given voltage,
as the width increases so too does the current. In contrast,
the current density i(= I /wh), instead of being constant is
intensified with the decrease of the width as is evidenced in the
inset of Fig. 4(a). This observation is in good agreement with a
previous experimental work [17] on nanochannels of varying
widths which showed that field-focusing effects are prominent
in such systems [Fig. 4(b)]. Physically, this may be explained
by noting that while 2D systems experience logarithmic field
focusing, 3D geometries experience a much more intense field
focusing of the order r −1 which is responsible for sharper
gradients, thus increasing the current density. This interesting
result then suggests that in order to achieve higher currents
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FIG. 3. (Color online) Log-log plot of the 3D limiting current,
Eq. (33), Ilim vs w/W for varying nanochannel heights h, for the case
H = W = L = 1. It is evident that a 2D system (green line) exhibits
higher limiting currents than the varying 3D systems plotted and
illustrated by the remaining lines. Due to the field-focusing effects it
can be shown, similarly to the inset of Fig. 2(a), that an intensification
of the current density exists.

in permselective media, it may be beneficial to create or
manufacture a nanoporous permselective surface comprised
of many isolated nanopores whose total area is equal to that
of the total conducting area within a wide 2D system or even
a macroscopically homogeneous membrane [17].
In both the experimental and analytical results, we observed intensification of the current density with increased
field-focusing effect (i.e., increased membrane and nanoslot
system heterogeneity). However, while the one layer model
predicts that field-focusing effects will generate large differ-

ences between the current densities of varying nanochannel
cross sections already at low voltages [inset of Fig. 4(a)],
experimentally, such effects were only observed to onset
at high applied voltages. Physically, this may be explained
by noting that our theoretical model is comprised of a
single layer (the microchamber on the anodic side wherein
depletion takes place), hence, neglects the voltage drops across
the membrane or nanoslot and the opposite microchamber
consisting of an enriched diffusion layer. In practice, due to the
significantly small nanochannel cross section relative to that of
the microchamber (approximately three orders of magnitude)
it is the former that controls the current in the Ohmic region
(i.e., at underlimiting currents) due to the dominance of its
resistance [16,17,26–28]. Hence, we expect the measured
current density to collapse onto a single curve for varying
nanochannel cross sections [as seen in the inset of Fig. 4(b)]
with the field-focusing effects acting as small modulations of
this curve at low voltages, with increasing importance at higher
applied voltages.
This behavior is also evident in Fig. 5(b) and its inset
where it can be seen that the experimentally measured [29]
slopes (i.e., system conductance) vary slightly with varying
microchamber geometry. This is due to the current controlling
nanoslot of fixed geometry, while the one layer theoretical
curves (Fig. 5) predict a much stronger dependency of the
current on the microchamber geometry. However, again,
qualitatively the trend of increased currents with increased
microchamber height are the same [see inset of Fig. 5(b)
compared to Fig. 5(a)].
In Fig. 6 we plot the I -V curves for a fixed microchamber
geometry and fixed overall area of permselective surface (i.e.,
wh) but with different ratios of w/ h. Without field-focusing effects, we would expect all I -V curves to collapse onto a single
curve. However, it is clear from Fig. 6 that the field-focusing
effect intensifies the current with increasing divergence of the
ratio w/ h (either smaller or larger) from value 1.
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FIG. 4. (Color online) (a) Computed I -V curves [Eq. (34)], for the 3D case for varying widths w and constant permselective surface height
h = 10−5 with L = 1, W = 0.5, H = 0.016. The inset shows the current density i (= I /wh). (b) Experimental I -V curves (in dimensional
units) for nanochannels of varying widths (figure and data taken with permission [17]). Inset shows the same curves for the dimensional current
density ĩ, where the geometry is given by L̃ = 3 mm, W̃ = 3 mm, H̃ = 50 μm, and h̃ = 190 nm. Both experimental and analytical results
indicate intensification of the current density with increased heterogeneity (i.e., smaller w/W ).
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h = 0.001, w = 0.8 with W = L = 1. (b) Experimental I -V curves (in dimensional units) for microreservoirs (L̃ = 3 mm, W̃ = 3 mm, w̃ =
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is noted that the experimentally apparent conductance at the Ohmic regime is less sensitive to the microchamber varying height due to the
dominance of the nanochannel resistance.

symmetry [17,25]

E. Concentration behavior

For the 2D case, where h = H, w  (W,L) we expect CP
behavior similar to that of a wide nanoslot [16,30]
c2D,slit (r) = 1 +

I
ln r,
π

(36)

where r (normalized by L̃) is the radial distance in cylindrical
coordinates from the interface, and I = iw is the current per
unit height (in the z-coordinate direction and normalized by
F Dc0 ). For the case h  (H,L) , w  (W,L) we expect a
similar CP behavior to that of a single nanopore with spherical

0.5

I

0.4

0.3

c3D,nanopore = 1 +

I
π




1
1
−
,
L r

(37)

where r is the radial distance (normalized by L̃) in spherical
coordinates from the interface and the current I = iwh
(normalized by F Dc0 L̃).
Figure 7 depicts the CP behavior for system models of
various dimensions by comparing the exact 3D solution
[Eq. (20)] in the case of total depletion (i.e., limiting current
conditions), to the simplified 1D, 2D, and 3D models given
by Eqs. (22), (36), and (37), respectively. As expected an
excellent agreement is obtained between the exact solution,
Eq. (20), and approximate solution, Eq. (37), for the conditions
used in Fig. 7(a) that approach 3D spherical field focusing. On
the other hand, for conditions approximating that of 2D polar
field focusing [Fig. 7(b)], agreement is obtained between the
exact [Eq. (20)] and approximate solutions [Eq. (36)]. Of
primary significance is the observation that at the center of
the surface (black ×’s) the concentration behaves as in a 2D
system and is oblivious of the existence of the edges, while
at the edge of the interface (green triangles) sharp changes in
the concentration arise due to the strong field focusing which
appears to be 3D in nature.

0.2

III. NUMERICAL SIMULATIONS
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FIG. 6. (Color online) Computed I -V curves for a constant
permselective surface area of wh = 0.01 but with different ratio
w/ h with W = H = L = 1. It is clear that the field-focusing effect
intensifies the current with increasing divergence of the ratio w/ h
(either smaller or larger) from value 1.

The convective free PNP equations (1)–(3) are solved
using the finite elements program COMSOL 4.3 (see Supplemental Material of [14] for additional details regarding
simulations). The equations are solved in a rectangular domain
{−W  x  W, 0  y  L}. In contrast to the theoretical
problem, y = L corresponds to the location of the DLbulk interface, y = 0 corresponds to the location of the
permselective surface in the domain −w  x  w, while
x = ±W are side walls. Also, in our simulations we take the
particular values of L = 1 and W = 1/2 but for the sake of
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FIG. 7. (Color online) Concentration profiles of the exact solution, Eq. (20), along various directions from the center (x = 0, y = L, z = 0)
of the permselective surface with H = W = L = 1 for (a) w = h = 0.01 and (b) w = 0.01, h = 0.8. These are compared versus the simplified
1D [Eq. (22)], 2D [Eq. (36)], and 3D [Eq. (37)] models at limiting current conditions. In part (b) of the figure we added the concentration profile
of an ideal spherical focusing shifted by the nanoslot height (h) to demonstrate the 3D nature of field focusing at the side of the permselective
area. Note that we herein use the transformed coordinate y = L − y in the x label.

generality, we shall define the problem in terms of L and W .
For completeness, the ionic fluxes are written in terms of their
Cartesian components j ± = j±,x x̂ + j±,y ŷ. Herein x̂, ŷ are
the unit vectors corresponding to the x and y coordinates. The
following BCs are imposed:
y = L : c± = 1, φ = 0,
(38)
y = 0, |x|  w : c+ = N, j−,y = 0, φ = −V − ln N,
(39)
y = 0, w  |x|  W : j±,y = 0, φy = 0,
x = ±W : j±,x = 0, φx = 0.

(40)
(41)

At the DL-bulk solution boundary y = L, Eq. (38) prescribes a well-mixed bulk solution. At the nanoslot-electrolyte
boundary, Eq. (39) prescribes the standard BC for an ideal
cation permselective nanoslot with a cationic concentration
N that does not allow the transport of negatively charged
anions through it. A potential drop of V is applied between
the bulk and nanoslot. The term −ln N accounts for the
Donnan potential jump [23,24]. At the microchamber walls,
Eqs. (40) and (41) prescribe zero ionic flux and electrical
insulating condition. Similar to our previous work [14] we
take N = 10
1, δ = 0.01, Pe = 0.
Equations (1)–(3) along with BCs (38)–(41) were solved for
the values w = 0.008,0.35,0.5 where the first value represents

FIG. 8. (Color online) For V = 20, I /Ilim ∼ 2, Pe = 0, and w = 0.008. (a) The electric potential is plotted in color. Black lines represent
the electric field streamlines and white arrows indicate its direction. (b) The cation concentration is plotted in color. Equiconcentration contours
are drawn in white. The inset within each image is a close-up of the permselective interface region in the domain x ∈ [−0.015,0.015], y ∈
[0,0.021].
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the case w  1, the third value is a quasi-1D system, and the
middle value is an intermediate between these two extremes.
The resulting electric potential and cation concentrations are
plotted in Fig. 8. Figure 9 compares the numerically and
analytically calculated I -V curves [31]. It is seen that the
approximated solution, Eq. (32), closely follows the exact
Fourier series solution, Eq. (31). It is clear that in contrast
to the low-voltage Ohmic region, wherein all numerical
and analytical solutions coincide, discrepancies arise as the
currents approach the limiting current. At high voltages, the
SCL is created at the entrance to the permselective surface and
break from the LEN approximation occurs.
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FIG. 9. (Color online) I -V curves comparing the current of a
convective free PNP model Pe = 0, δ = 0.01, L = 1, W = 0.5 to
those of the local electroneutral analytical solutions [Eqs. (23), (31),
and (32)] for (a) w = 0.5, (b) w = 0.35, and (c) w = 0.008. It is
apparent that in the Ohmic regime, there is no substantial difference
between any of the models. In the limiting-overlimiting regime, the
nonelectroneutral model predicts an intensification of the current due
to the existence of the SCL.

We studied the effects of geometric field focusing on CP
within the more realistic 3D heterogeneous permselective
systems (Fig. 1), e.g., microchamber nanoslot. The results were
compared against the 1D homogeneous and 2D heterogeneous
system models. An analytical solution of the electrodiffusive
problem, decoupled from electroconvection (i.e., Pe → 0)
along with the LEN approximation, was obtained using the
separation of variables technique. The consideration of the
microchamber and permselective region heights (H and h,
respectively) and the resultant heterogeneity in the third
dimension (i.e., h/H < 1) adds to the heterogeneity already
existing in the 2D in plane problem. This additional heterogeneity further increases geometric field-focusing effects.
As a result the currents no longer scale linearly with the
nanoslot area (Figs. 2 and 3), resulting in a pronounced
current density intensification with decreased nanoslot area or
equivalently increased nanoslot heterogeneity (inset of Fig. 2).
This phenomena is also evident in the case where we fix both
the microchamber geometry and nanoslot area, but merely
changed the shape of the latter (i.e., varying w/ h ratios),
resulting in current density intensification for any w/ h = 1,
either smaller or larger than one (Fig. 6).
The effect of geometric field focusing is also seen
in the I -V behavior of the 2D and 3D system models,
extracted theoretically by satisfying the continuity of the
electrochemical potential across the micro-nanoslot interface.
Since our model consists of a single layer (microchamber
interfacing the anodic side of the nanoslot) it well describes
the microchamber conductance [Figs. 4(a) and 5(a)] but
cannot account for the dominating resistance of the nanoslot.
This is manifested in microchamber geometry being only a
small modulation to the experimentally measured currents
[Figs. 4(b) and 5(b)]. The model captures qualitatively the
effect of current density intensification (insets of Fig. 4)
with increased membrane heterogeneity. It also qualitatively
describes the role of microchamber height on the overall
measured system conductance [Fig. 5(b)]. A more accurate
theoretical description would involve accounting for the
additional cathodic microchamber and nanochannel (three
layer system). This extension is left for future work.
Geometric field-focusing effects diverge the concentration
profile from its classical linear distribution of a 1D Cartesian
system (Fig. 7). This results in a substantially shortened
effective DL length and intensification of the corresponding current. In contrast to the simple polar and spherical
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field-focusing models corresponding to a wide nanoslot (2D)
and nanopore (3D), respectively, the solution obtained herein
is correct for any (rectangular) micro-nanochannel geometry.
The solution resolves CP for any permselective area geometry,
and resolves the increased field focusing occurring at the edges
of the nanoslot. The 2D theoretical solutions are verified via
numerical simulations of the convective free PNP equations
and are shown to be in agreement in the low-voltage Ohmic
regime where SCL effects are negligible. As expected, the
differences become larger when approaching the limiting
current associated with the occurrence of SCL.

where Cl2 (θ ) is the Clausen function of order 2 with the
argument θ = π w/W ∈ [0,π ]. For the case t  θ  1 the
integral can be solved explicitly,


θ
θ
t
dt ∼
ln 2sin
ln (t) dt = [t ln t − t]|θ0
=
2
0
0
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=

(exact)
I2D,
lim (w,W,L) =

n=1

λ2n

=

W
π


=−

2 
∞
n=1

W
π

θ=πw/W
0

∞

 θk
ln (1 − t)
,
dt =
t
k2
k=1

Li2 (ej θ ) = ζ (2) − θ (2π − θ ) /4 + j Cl2 (θ ) ,

−1

.

sin (nπ w/W )
n2

2

θ
0

Assuming W/L  1, tanh λn L ∼
= 1 so that the series
reduces to (Eq. 27.8.1 from Ref. [32])


(A3)

which is the solution given by (26). Lewin [33] provides a
relationship (Eq. 1.33) between the Clausen integral and the
polylogarithim of order 2, Li2 (θ ),
Li2 (θ ) = −

(A1)

∞

sin λn w

(A2)

(A4)

The 2D limiting current is given by Eq. (25),
∞
L
1  tanh λn L sin λn w
+
2W
wW n=1
λ2n

Cl2 (θ ) ,

= θ (ln θ − 1) .

APPENDIX: DERIVATION OF THE LIMITING
CURRENT IN 2D



W
π

∞
1  sin λn w
W
= − 2 Re[j Li2 (ej θ )],
2
wW n=1 λn
π w


(W/L1)
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